Claw-free graphs - a survey.

Ralph Faudree^{1,2} Department of Mathematical Sciences Memphis State University Memphis, TN 38152 U.S.A.

Evelyne Flandrin^{1,3} L.R.I., URA 410 CNRS Université Paris-Sud, Bât. 490 91405 Orsay cedex

France

Zdeněk Ryjáček^{1,3} Department of Mathematics University of West Bohemia 306 14 Pilsen Czech Republic

May 16, 1996

Abstract

In this paper we summarize known results on claw-free graphs. The paper is subdivided into the following chapters and sections:

1. Introduction 2. Paths, cycles, hamiltonicity

a) Preliminaries b) Degree and neighborhood conditions c) Local connectivity conditions d) Further forbidden subgraphs e) Invariants f) Squares g) Regular graphs h) Other hamiltonicity related results and generalizations 3. Matchings and factors 4. Independence, domination, other invariants and extremal problems 5. Algorithmic aspects 6. Miscellaneous 7. Appendix - List of all 2-connected nonhamiltonian claw-free graphs on n ˇ 12 vertices.

1This research was done while the first and second author were visiting Univ. of West Bohemia and while the third author was visiting L.R.I. and Memphis State University.

2Research partially supported by ONR Grant N00014- 91-J-1085 and NSA MDA 904-90-H-4034. 3Research supported by EC grant No.1924-93.

1. INTRODUCTION

Claw-free graphs have been a subject of interest of many authors in the recent years. In this paper we try to summarize the known results concerning this family of graphs.

The first motivation for studying properties of claw-free graphs apparently appeared from the Beineke’s characterization of line graphs in [14] and [15]. However, the main impulse that turned the attention of the graph theory community to the class of claw-free graphs was given in late 70’s and early 80’s. During this period the matching properties of such graphs were observed in [183], [120], and [184], and first results on hamiltonian properties were proved in [85], [50], [148] and [155]. However, probably more importantly, were the observations that the determination of the independence number is polynomial (see [151] and [172]) and that the Berge’s Perfect Graph Conjecture holds (see [158]) in claw-free graphs.

In general, we follow the most common graph-theoretical terminology and notation, and for concepts not defined here we refer to [20]. Unless otherwise mentioned, throughout the paper by a graph we always mean a simple finite undirected graph G with vertex set V (G) and edge set E(G). We will always let n = |V (G)| and, unlike in [20], we denote by ⟨M⟩ the subgraph induced by a set M ⊂ V (G). By δ(G) and Δ(G) we will mean the minimum degree and maximum degree of G respectively. For a subset A of V (G), N(A) is the set of all vertices of G that are adjacent to at least one vertex of A. If H is a graph, then we say that G is H-free if G does not contain a copy of H as an induced subgraph. By the claw (denoted C) we mean the complete bipartite graph K_{1,3} (see Fig. 1.1). Thus, G is said to be claw-free if it does not contain an induced subgraph that is isomorphic to C. Some of the results surveyed here are also mentioned in the two former surveys on claw-free graphs, one by Flandrin in [65] and the other by Li Mingchu and Liu Zhenhong in [135], and in the survey paper on hamiltonicity by Gould [87]. t t ¸¸¸¸¸

¸¸¸¸¸¸ XXXXX XXXXXX

Figure 1.1: The claw C

Families of claw-free graphs

There are several well-known and important families of graphs that are also claw-free, so we now recall some of these families.

α) Line graphs

If G is a graph, then the line graph of G, usually denoted by L(G), is obtained by associating one vertex to each edge of G, and two vertices of L(G) being joined by an edge if and only if the corresponding edges in G are adjacent. In [14] and also [15], Beineke gives a characterization of line graphs in terms of forbidden induced subgraphs and the claw is one (among nine) of those subgraphs. Thus, every line graph is claw-free.

Šoltés [181] reduced the number of forbidden induced subgraphs characterizing connected line graphs to 7 for n ≥ 9, with the claw remaining one of those seven forbidden subgraphs. In [182] line graphs are also characterized by 5 forbidden induced subgraphs and by describing the structure of neighborhoods of vertices.

β) Complements of triangle-free graphs

It is easy to see G is a complement of a triangle-free graph if and only if its independence number satisfies α(G) ≤ 2 and that every such graph is claw-free.

γ) Inflation of a graph

By the inflation of a graph H we mean a graph which is obtained by replacing each vertex x by a complete graph K_{d(x)} and joining each edge to a different vertex of K_{d(x)}. Clearly, the inflation of every graph H is a claw-free graph and if H is regular then so is its inflation. Moreover, the inflation of an arbitrary planar cubic graph is a planar cubic claw-free graph which is hamiltonian if and only if the original graph is hamiltonian.

δ) Comparability graphs

Consider a finite set of intervals on the real line such that no one completely contains another one (see Gilmore and Hoffman [81]). A claw-free graph, called the comparability graph (or also the interval graph - cf. [48] and Theorems 6.6 - 6.8), is obtained by associating a vertex to each of these intervals and putting edges between vertices if and only if the corresponding intervals have nonempty intersection.

ε) Middle graphs

The middle graph of H is obtained by inserting a vertex x_i in the “middle” of each edge e_i, 1 ≤ i ≤ |E(H)|, and adding the edge x_ix_j for 1 ≤ i < j ≤ |E(H)| if and only if e_i and e_j have a common vertex. The middle graph of every graph is also claw-free.

It is easy to see that all inflations and middle graphs are line graphs, but, on the other hand, the graphs H_1 and H_2 in Figure 1.2 are examples of a complement of a triangle-free graph and of a comparability graph that are not line graphs.

ζ) Generalized line graphs

Graphs such that the neighborhood of each vertex can be partitioned into at most two cliques are called generalized line graphs. They can also be characterized in the following way (see Maurras [150]): A generalized line graph is the complement of a locally bipartite graph (in [150] called “almost bipartite”), where a graph is locally bipartite if and only if the neighborhood of each vertex induces a bipartite graph. It is easy to check that this family contains all line graphs (and therefore also all middle graphs and inflations). Nevertheless, some complements of a triangle-free graphs are not generalized line graphs (see H_1 in Fig. 1.2) and some generalized line graphs are not line graphs (see H_2 in Fig.1.2).

For additional properties of these graphs, see Ben Rebea [16].

In the following we turn our attention to some properties of claw-free graphs that will be useful in the next chapters. In many situations, it is useful to have local information

s s s ss_{JJJ� ¸¸}¸¸_{XX}XX^{ZZZ}Z^{æææ}æ_{AAAA �}

H_1

s s s ss�^�_{@@@} @^{@@}_{�H2}

Figure 1.2

about the structure of neighborhoods of vertices in a claw-free graph. It is an easy observation to realize that a graph G is claw-free if and only if the neighborhood of every vertex x ∈ V (G) satisfies α(⟨N(x)⟩) ≤ 2 (where α(H) is the independence number of H).

It is also easy to observe that, for every x ∈ V (G), ⟨N(x)⟩ must be net-free (i.e., cannot contain as an induced subgraph a copy of the net N (see Fig. 1.3)). Since clearly ⟨N(x)⟩ is also claw-free, we see that neighborhoods of vertices can be of the following types:

- ⟨N(x)⟩ is disconnected and then, since α(⟨N(x)⟩) ≤ 2, ⟨N(x)⟩ consists of two vertexdisjoint cliques,

- ⟨N(x)⟩ has connectivity 1 and then, by a result of Duffus, Gould and Jacobson [50] (see Theorem 2d), ⟨N(x)⟩ is traceable; moreover, ⟨N(x)⟩ can be covered by two vertexdisjoint cliques such that all edges joining the cliques have a common vertex in one of the cliques,

- ⟨N(x)⟩ is k-connected with k ≥ 2 and then, again by Theorem 2d.2, ⟨N(x)⟩ is hamiltonian.

Another related result was proved by Fouquet [76]. Recall that an odd hole or antihole in G is an induced subgraph of G which is isomorphic to a chordless cycle of odd length or to its complement, respectively.

Theorem 1.1 [76] (generalized Ben Rebea’s lemma). Let G be a connected claw-free graph with α(G) ≥ 4. Then G does not contain any odd hole of size greater than 5.

Corollary 1.2 [76] Let G be a connected claw-free graph with α(G) ≥ 3. Then every vertex of G satisfies one (and only one) of the following conditions:

(i) N(v) is covered by two complete graphs, (ii) N(v) contains an induced C_5 (i.e. an antihole of size 5).

u uu uu u_{�@@@}

The net N u u

u uu u � �@@ @ The eiffel E u u

u uu u � �@@ @ � � AA A The tripod T

Figure 1.3

Another characterization was obtained by Shepherd ([177]).

Theorem 1.3 [177] A connected graph G is claw-free if and only if for every minimal cut set S and every v ∈ S, ⟨N(v) − S⟩ is the disjoint union of two complete graphs.

Shepherd also introduced a subclass of the class of claw-free graphs by imposing a condition that, for every vertex x ∈ V (G), its neighborhood N_i(X) at any distance i has independence number at most two. Namely, G is said to be distance claw-free if α(⟨N_i(x)⟩) ≤ 2 for every v ∈ V (G) and for every i. It is surprising that this global property can be fully characterized in terms of local conditions (for the eiffel and tripod, see Fig. 1.3).

Theorem 1.4 [177] A graph G is distance claw-free if and only if G is claw-free, eiffel-free and tripod-free.

Two interesting and useful consequences of Theorem 1.4 are the following.

Corollary 1.5 [177] For any graph G, claw-free and net-free ⇒ distance claw-free ⇒ claw-free.

Corollary 1.6 [177] A graph G is distance claw-free if and only if α(N_i(v)) = 2 for i = 1 and i = 2.

Extensions

Together with claw-free graphs, we will examine properties of the following superclasses:

a) Families of graphs defined in terms of a set of forbidden subgraphs such that each of those forbidden subgraphs contains an induced claw, for example K_{1,r}-free graphs, r ≥ 4.

b) Graphs with some constraints on the claws including:

α) Locally claw-free graphs (see [167]).

A graph G is said to be locally claw-free if and only if ⟨N(x)⟩ is claw-free for every x ∈ V (G). It can be shown (see [167]) that a graph G is locally claw-free if and only if G is crown-free (see Fig. 2b.4).

β) Almost claw-free graphs (see [167]).

We say that G is almost claw-free if the centers of induced claws in G are independent and their neighborhoods are 2-dominated. More precisely, G is almost claw-free if there is a (possibly empty) independent set A ⊂ V (G) such that α(N(x, G)) ≤ 2 for x /∈ A and γ(N(x, G)) ≤ 2 < α(N(x, G)) for x ∈ A, where γ denotes the domination number of a graph. Clearly, every claw-free graph is almost claw-free.

The almost claw-free graphs are contained in some of the other classes of extensions of claw-free graphs, as the next result indicates.

Proposition 1.7 [167]

(i) Every almost claw-free graph is locally claw-free. (ii) Every almost claw-free graph is K_{1,5}-free.

γ) Graphs with independent centers of claws (see [124]).

δ) Graphs without too many claws (see [74]).

c) L_i-graphs (see [8]).

Asratian and Khachatrian [8] introduced the following classes of L_i-graphs (L for local). We say that G is a L_i-graph (i being an integer) if, for each triple of vertices u, v, w with d(u, v) = 2 and w ∈ N(u) ∩ N(v), d(u) + d(v) ≥ |N(u) ∪ N(v) ∪ N(w)| − i, or, equivalently, |N(u) ∩ N(v)| ≥ |N(w) − (N(u) ∪ N(v))| − i. It can be shown (see [7]) that L_0 ⊂ L_1 ⊂ L_2 ⊂ . . . and that the class L_1 contains all claw-free graphs.

In the case of bipartite graphs, we also will be interested in the analogous concept of biclaw-free graphs. A biclaw is defined as the graph obtained from two vertex disjoint claws by adding an edge between the two vertices of degree 3 in each of the claws (see Fig. 1.4) and a bipartite graph is said to be biclaw-free if it does not contain any biclaw as an induced subgraph. s s s s s s HHH H � � � � HHH H Figure 1.4: The biclaw

It is easy to get claw-free graphs using the above constructions (along with possibly choosing subgraphs of claw-free graphs, since the claw-free property remains when suppressing vertices). It is also easy to recognize if a given graph is claw-free (more precisely, it can be tested in a polynomial time with complexity at most O(n^4) (see [5]). We can hope that some of these classes of graphs will have good behavior in comparison to some NP-complete problems for arbitrary graphs. Some results of this type have already been proved and are summarized later in section 5.

2. PATHS, CYCLES, HAMILTONICITY AND RELATED PROBLEMS.

a) Preliminaries

Many of the results that are mentioned in this section are also included in the survey by Gould [87].

If S ⊂ V (G), then by c(G − S) we denote the number of components of G − S. We say that a graph G is t-tough if for every subset S ⊂ V (G) with c(G − S) > 1 we have |S| ≥ tc(G − S). The toughness of G, denoted by τ (G), is the largest value of t such that G is t-tough.

Chvátal has shown in [40] that if G is not complete and has connectivity κ(G), then τ (G) ≤ κ(G)/2. In the special case of claw-free graphs, Matthews and Sumner proved that equality holds.

Theorem 2a.1 [148] If G is a noncomplete claw-free graph, then τ (G) = κ(G)/2.

Chvátal originally conjectured that if τ (G) > 3/2, then G is hamiltonian, but because

of a family of counterexamples the conjecture has now been modified to the following.

Conjecture 2a.2 [40] Every 2-tough graph is hamiltonian.

Based on this conjecture (which is still open) and an observation by Sumner (see [148])

that states that every claw-free with connectivity at least n/4 is hamiltonian, Matthews

and Sumner [148] conjectured the following (which is also still open).^1

Conjecture 2a.3 [148] If G is a 4-connected claw-free graph, then G is hamiltonian.

Matthews and Sumner in [148] also showed that the assumption G is a 3-connected

claw-free graph does not imply hamiltonicity. In fact, an infinite family of 3-connected

claw-free graphs that are not hamiltonian can be obtained from the cubic planar non-

hamiltonian claw-free graph of Tutte by successive inflation. Matthews and Sumner also

showed that every 3-connected claw-free graph on less than 20 vertices is hamiltonian

and in [148] exhibited the following example (see Fig. 2a.1) of a smallest 3-connected

nonhamiltonian claw-free graph on 20 vertices (note that this graph is the line graph of a

graph that is obtained from the Petersen graph by subdividing a perfect matching).

................

................

................

...............

...........

.....

......

.....

.....

......

.....

.....

......

.....

.....

.... .. ... .. ... ... ... .. ... .. .. .. .. ... ... .. ... . . . . . . . . . . . . . . . .. . .. ....

....

....

.... ... ....

.... ... ....

....

....

....

....

....

.......

......

.......

.......

.......

.......

.......

.......

...................................................................................................

.......

...... .......

.......

......

.......

.......

....

.... ... ....

.... ... .... .... ... .... ....

.... .... .... ... . . . . . . . . . . . . . . . . . .. ... ... .. ... ... .. ... .. .. ... .. ... .. ... ... .... ..... ..... ..... ..... .....

..... ..... ..... ..... ..... .....

...........

................

...............

................

..............

....... .......

.......

.......

.......

........ .................

.......

.......

......

.......

...... .

... ... ... ... ... ... ... ... ... .... .... ... .... .... .... ... ....

......

..... ......

......

......

......

.... . . . . . . . .. . .

...........

...........

...........

.....

..... ......

.....

..... ......

.....

..........

......

.....

.....

......

.....

.....

...........

...........

........... .

. . . . .. . . . . . ......

......

......

.....

......

......

.....

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .....

..........

.........

..........

..........

..........

..........

..........

..........

.........

..........

.....................................................................................................................................................................................................................................................................

..........

.........

..........

..........

..........

..........

.........

..........

..........

.....

..............................

..............................

...............................

................................

...............................

...............................

................................

...............................

...................

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ..

... ... ... .... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ..

. . . . . . . . . . . . . . . . . .. . .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ... .. .. .. ... .. ... .. ... .. ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ...

. . . . . . . . . . . . . . . . .. . .. . . . . . .. .. .. .. .. .. .. .. .. .. ... .. .. .. .. ... .. ... ... .. ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ....

.... ...

.............................................................................................................................................. ......................

....................

..................

................

...............

.............

............

............ ...

• • • • • •

• • • • • • • • • • • • •

•

Figure 2a.1

Since a 3-connected claw-free graph G is not in general hamiltonian, it is natural to

ask how large a cycle G must have. This was done by Jackson and Wormald (see page 63

in [19]).

Theorem 2a.4 [19] Let G be a 3-connected claw-free graph on n vertices. Then G

contains a cycle of length at least n^c for some positive constant c.

1Recently, the following result was proved by Ryjáček [171]:

If G is a claw-free graph, then there is a graph cl(G) such that

(i) G is a spanning subgraph of cl(G),

(ii) cl(G) is the line graph of a triangle-free graph, and

(iii) the length of a longest cycle in G and in cl(G) is the same.

This result implies that Conjecture 2a.3 is equivalent with the Thomassen’s conjecture (every 4-connected

line graph is hamiltonian). Using a result of B. Jackson [104] and S. Zhan [195], this also implies that

every 7-connected claw-free graph is hamiltonian. Li Hao [127] improved this result to 6-connected graphs

with at most 33 vertices of degree 6.

In 2-connected claw-free graphs, Jackson [105] conjectured the following.

Conjecture 2a.5 [105] If G is a 2-connected claw-free graph, then G has a Tutte cycle.

(A Tutte cycle in G is a cycle C ⊂ G such that all bridges of C have at most three vertices of attachment on C. A bridge B of C is an equivalence class of the equivalence relation defined on E(G) − E(C) by saying that e is equivalent to f if and only if there is a e, f-walk which is internally vertex disjoint from C, and the vertices of attachment of B are the elements of V (B) ∩ V (C)).

The circumference of 2-connected claw-free graphs was investigated by Broersma, Van den Heuvel, Jung, and Veldman in [24]. The following upper and lower bounds on c(G) were proved using the relationship between the toughness and connectivity of a K_{1,r}-free graph.

Theorem 2a.6 [24] If G is a 2-connected K_{1,r}-free graph on n vertices with circumference c(G), then

c(G) ≥ 4 log_{r−1}(n) − A = 4 log(r − 1) · log(n) − A, where A is an appropriate absolute constant.

In [24] there is a construction that shows that for every r, r ≥ 3, and sufficiently large n, there exists a 2-connected K_{1,r}-free graph H_{r,n} on n vertices such that

c(H_{r,n}) < 4 log(r−2) · log(n) + 4 if r ≥ 3,

8 log(n + 6) − 8 log(3) − 2 if r = 3.

Hence, the order of magnitude of the lower bound in Theorem 2a.6 is best possible.

In some of the superclasses of the class of claw-free graphs that were defined in the introduction, the toughness of a graph can be smaller than the half of its connectivity. In K_{1,r}-free graphs, Broersma, Van den Heuvel, Jung, and Veldman in [24] (and also later and independently Chen and Schelp in [33]) proved the following.

Theorem 2a.7 [24], [33] If G is a non-complete K_{1,r}-free graph of connectivity κ(G), then κ(G) r − 1 ≤ τ (G) ≤ κ(G) 2 .

In almost claw-free graphs a bound on the toughness as a function of the connectivity was proved by Broersma, Ryjáček and Schiermeyer in [26].

Theorem 2a.8 [26] If G is a noncomplete almost claw-free graph with connectivity κ, then τ (G) ≥ min{1, 1 2 κ}. Also, an example is given in [26] showing that the equality τ (G) =^1_2 κ(G) fails in almost claw-free graphs with connectivity κ > 2.

Asratian, Broersma, Van den Heuvel, and Veldman in [7] proved an analogue for L_1-graphs.

Theorem 2a.9 [7] If G is a 2-connected L_1-graph then G is 1-tough.

An example is given in [7] of an infinite family of 1-tough L_1-graphs of arbitrary connectivity that are not (1 + ϵ)-tough for any ϵ > 0.

b) Degree and neighborhood conditions

For 1 ≤ k ≤ n we denote by σ_k(G) the minimum of the degree sum d(x_1) + ... + d(x_k ) and by U_k (G) the minimum of the neighborhood union |N(x_1) ∪ ... ∪ N(x_k )|, where the minimum is taken over all subsets {x_1, ..., x_k} of k independent vertices of V (G). We will keep the notation δ for the common value of σ_1 and U_1. The two parameters σ_k and U_k have been frequently used in sufficient conditions for hamiltonian properties in graphs.

For the sake of clarity and ease of reference the results concerning traceability, hamiltonicity and pancyclicity in claw-free graphs as a function of δ, σ_k and U_k have been placed in tables (depending on the connectivity of the graph). An “S” (for sharp) in the table indicates that the bound cannot be improved. Even early results that have been improved are included in the table in order to exhibit the development of the area. Sharpness of some of these bounds can be checked using the graphs in Fig. 2b.1. u u u u u uœ æ ¸ ß œ æ ¸ ß œ æ ¸ ßııııı PPPPP

PPPPP ııııı

K_{δ+1} K_{δ+1} K_{δ+1} u uȷȷ ȷȷȷ QQ QQQ œæ ß̧œ æ ß̧ œæ ß̧ K_{δ+1} K_{δ+1}

K_{δ+1}

Figure 2b.1

1-connected claw-free graphs:

δ ≥^{n−2}_3 σ_3 ≥ n − 2 U_2 >^{2n−4}_3 U_2 ≥^{2n−5}_3 Traceability [149] (S) [21], [137] (S) [54] [11] (S)

When the connected graph G is not traceable, then Matthews and Sumner ([149]) have shown that the longest path has length at least 2δ + 2, and this was improved to σ_2 + 2 by Liu, Tian and Wu in [137].

2-connected claw-free graphs:

δ ≥^{n−2}_3 σ_2 ≥^{2n−5}_3 σ_3 ≥ n − 2 Hamiltonicity [149] (S) [69] [21], [137] (S) Pancyclicity [68]

U_2 >^{2n−2}_3 U_2 ≥^{2n−3}_3 U_2 ≥^{2n−5}_3 U_2 ≥^{n−2}_2 Traceability [54] Hamiltonicity [54] [11] (S) Pancyclicity [54]

In the following two results, the bounds on degree in the previous results are improved in the presence of some additional assumptions. Liu and Wu in [138] assume regularity.

Theorem 2b.1 [138] If G is claw-free, 2-connected and δ-regular such that δ ≥ (n−1)/4, then G is hamiltonian.

Li Hao in [122] excludes the family F_1 defined as follows: If G is in F_1, then G can be decomposed into three disjoint subgraphs G_1, G_2, G_3 such that for any i ≠ j, 1 ≤ i, j ≤ 3, E_G(G_i, G_j ) = {u_iu_j , v_iv_j}, where u_i, v_i ∈ G_i, (see also F_1 in Fig. 2b.3).

Theorem 2b.2 [122] If G is a 2-connected claw-free graph with minimum degree δ ≥ n/4 which does not belong to F_1, then G is hamiltonian. The bound n/4 is sharp.

For non-hamiltonian 2-connected graphs, the circumference is proved to be at least 2δ + 4 by Matthews and Sumner ([149]), and this was improved to σ_2 + 4 by Flandrin, Fournier, Germa ([69]) and also by Liu, Tian and Wu ([137]). Assuming only n/2 + k vertices of degree at least k, Dang ([46]) also gets the bound 2k + 4, except for a forbidden family of graphs. Denote by F^′ the family of 13 graphs which are obtained from G_1, G_2 or G_3 (see Fig. 2b.2) by possibly adding some of the intermittent edges. Note that these graphs are all in the family F_1 defined by Li in [122].

t tt t tt t t ¸¸¸¸¸ XXXXX ıııı PPPP � � � CC CC C CC CC C � � � t_{¸¸¸}¸¸_{XXX}XX_��^�_{HH}HH^H

G_1 t tt

t tt t t ¸¸¸¸¸ XXXXX ıııı PPPP � � � CC CC C CC CC C � � �t t t t_{æææZZZ ZZZ ææææææææZZZZZ̧ ¸ ¸ ¸} ¸¸_{X X X X X X XXXX}XX_{¸¸¸¸¸¸}

G_2 t tt

t tt t t ¸¸¸¸¸ XXXXX ıııı PPPP � � � CC CC C CC CC C � � �t t t t_{æææZZZ ZZZ ææææææææZZZZZ̧¸¸¸¸}¸¸¸_{XXXXXXXX XXXXX}XXX_{¸¸¸¸¸¸¸¸}

G_3

Figure 2b.2

Theorem 2b.3 [46] Let G be a 2-connected claw-free graph having at least n/2 + k vertices of degree k for some integer k. Then either G ∈ F^′ and G has a cycle of length at least 2k + 3 or else G has a cycle of length at least min{n, 2k + 4}.

Corollary 2b.4 [46] Let G be a 2-connected claw-free graph with n ≥ 13 having at least n/2 + k vertices of degree k for some integer k. Then G has a cycle of length at least min{n, 2k + 4}. In another direction Tian in [188] also gets a lower bound on the circumference by placing some restrictions on the induced subgraphs isomorphic to P_4 (path with four vertices).

Theorem 2b.5 [188] Let G be a 2-connected claw-free graph and S_c be the set of vertices with degree at least c/2, 3 ≤ c ≤ n. If |V (L) ∩ S_c| ≥ 1 for each induced subgraph L isomorphic to P_4, then G has circumference at least c.

3-connected claw-free graphs:

δ ≥^{n+10}_5 δ ≥^{n+5}_5 δ ≥^{n+7}_6 σ_3 ≥ n + 1 U_2 ≥^{11(n−7)}_{21} Traceability [126] Hamiltonicity [66] [130] [121] [126] Hamilton Connectedness [194], [71]

For non-hamiltonian 3-connected claw-free graphs, Li Mingchu [128] verified 4δ as a lower bound for the circumference and Wang ([192]) showed that the value σ_4 − 4 is also a lower bound if δ ≥ 8.

k-connected claw-free graphs:

δ >^{2n}_{2k+1} − 2 σ_{k+1} ≥ n − k σ_{k+2} ≥ n − k − 1 U_t ≥ t^{n−1}_{t+1} , t ≤ k Traceability [1] Hamiltonicity [126] [196], [1] conjecture in [54] proof in [126]

For nonhamiltonian k-connected claw-free graphs, Flandrin, Fournier and Germa in [68] proved that the circumference is at least^{2σk}+1_{k+1} + 4 if k ≥ 2.

There are several additional degree and neighborhood conditions that imply hamiltonian type properties in k-connected claw-free graphs for k ≥ 2. Fraisse in [77] has shown that for any graph G (without the assumption of claw-freeness), if U_t > t^{n−1}_{t+1} for some integer t, 1 ≤ t ≤ k, then G is hamiltonian.

Li and Virlouvet considered the same type of neighborhood union condition for clawfree graphs in [126], and proved the following result, which has several interesting corollaries, some of which have already been mentioned.

Theorem 2b.6 [126] Let G be a k-connected (k ≥ 3) claw-free graph. If there is some integer t, t ≤ 2k, such that U_t(G) > t(4k − t + 1) 2k(2k + 1) (n − 2k − 1), then G is hamiltonian.

Li Mingchu in [129] gave a degree sum condition for claw-free graphs of sufficiently large order under which hamiltonicity implies pancyclicity.

Theorem 2b.7 [129] If G is a hamiltonian claw-free graph of order n > 100 and σ_3 ≥ (n − 2)/3, then G is pancyclic.

Considering not only subsets of independent vertices but arbitrary sets of vertices, Faudree, Gould, Lesniak, Lindquester ([55]) define the generalized r-degree, δ_r(G), of a graph G by δ_r(G) = min S⊆V (G),|S|=r | ∪_{u∈S} N(u)|. In [58] Faudree, Gould, Jacobson, Lesniak, Lindquester used the generalized 2-degree δ_2 to give sufficient conditions for hamiltonian type properties.

Theorem 2b.8 [58] Let G be a claw-free graph.

a) If G is connected and δ_2(G) ≥ (n + 1)/3, then for n sufficiently large G is traceable. b) If G is 2-connected and δ_2(G) ≥ (n + 1)/3, then for n sufficiently large G is hamiltonian.

c) If G is 3-connected and δ_2(G) ≥ (n + 24)/3, then for n sufficiently large G is hamiltonian-connected.

d) If G is 3-connected, then there is a constant c such that if δ_2(G) ≥ n/3 + c, then G is pancyclic.

In the presence of a graph with bounded independence number, the generalized degree δ_r is used in [55] to give additional sufficient conditions for hamiltonian type properties (see also Theorem 2b.16).

Theorem 2b.9 [55] Let G be a graph of order n. Then for each pair of integers r and m (1 ≤ r ≤ n and 3 ≤ m < n), and for each non-negative function f(r, m) there exists a constant C = C(r, m, f(r, m)) such that if δ_r(G) ≥ n/3 + C and α(G) ≤ f(r, m), then (i) G is traceable if δ(G) ≥ r and G is connected, (ii) G is hamiltonian if δ(G) ≥ r + 1 and G is 2-connected, and (iii) G is hamiltonian-connected if δ(G) ≥ r + 2 and G is 3-connected.

Generalizations to larger classes

α) K_{1,4}-free graphs.

In 2-connected K_{1,4}-free graphs, Markus [144] proved the following minimum degree condition is sufficient for hamiltonicity.

Theorem 2b.10 [144] Let G be a 2-connected K_{1,4}-free graph with δ ≥ (n + 2)/3. Then G is hamiltonian.

Chen and Schelp [33] extended the previous result for K_{1,4}-free graphs of connectivity at least 2 by considering a sum of degrees condition.

Theorem 2b.11 [33] Let G be a k-connected K_{1,4}-free graph of order n ≥ 3.

(i) If σ_{k+1}(G) ≥ n + k, then G is hamiltonian. (ii) If σ_k(G) ≥ n + k + 1, then G is hamiltonian-connected.

From this result, we get as a corollary the following minimum degree conditions.

Corollary 2b.12 [33] Let G be a k-connected K_{1,4}-free graph of order n ≥ 3.

(i) If δ(G) ≥ (n + k)/(k + 1), then G is hamiltonian. (ii) If δ(G) ≥ (n + k + 1)/k, then G is hamiltonian-connected.

β) K_{1,r}-free (r ≥ 5) graphs.

Markus [144] proved the following minimum degree condition for hamiltonicity in 2- connected K_{1,r}-free graphs.

Theorem 2b.13 [144] Let G be a 2-connected K_{1,r}-free graph (r ≥ 5) with δ ≥ (n + r − 3)/3. Then G is hamiltonian unless n = 2r − 3 and G − E(G − T ) is isomorphic to K_{r−1,r−2}, where T is any largest independent set in G.

Chen and Schelp [33] proved the following strengthening of this result. We say that G is q-edge-hamiltonian if for every set F of q edges of G which induce a set of vertex disjoint paths of G, there is a hamiltonian cycle in G containing all edges of F .

Theorem 2b.14 [33] Let k, q be nonnegative integers such that k ≥ q + 1 and let G be a K_{1,r}-free graph of order n ≥ (r − 1)(k + 1)(k + 1 − q) + q − 1. If G satisfies σ_{k−q+1} ≥ n + q + (k − q − 1)k, then G is q-edge-hamiltonian.

The following degree conditions for hamiltonicity and hamilton-connectedness follow immediately from Theorem 2b.14 for q = 0 and q = 1.

Theorem 2b.15 [33] Let G be a k-connected K_{1,r}-free graph of order n and let k ≥ 1 and r ≥ 2 be integers.

(i) If n ≥ (k + 1)^2(r − 1) − 1 and σ_{k+1} ≥ n + (k − 1)k, then G is hamiltonian. (ii) If n ≥ k(k + 1)(r − 1) and σ_k ≥ n + (k − 2)k + 1, then G is hamiltonian-connected.

Using the fact that a generalized degree condition δ_t(G) ≥ pn (p > 0) in a K_{1,r}-free graph G implies that the independence number α(G) is bounded, Faudree, Gould, Lesniak and Lindquester [55] obtained the next result, which is really a corollary of Theorem 2b.9.

Theorem 2b.16 [55] Let G be a K_{1,r}-free graph of order n where 3 ≤ r < n. For each integer t, 1 ≤ t ≤ n, there exists a constant C = C(t, r) such that if δ_t(G) ≥ n/3 + C, then

(i) G is traceable if δ(G) ≥ t and G is connected, (ii) G is hamiltonian if δ(G) ≥ t + 1 and G is 2-connected, and (iii) G is hamiltonian-connected if δ(G) ≥ t + 2 and G is 3-connected.

γ) Almost claw-free graphs.

For 2-connected almost claw-free graphs, Broersma, Ryjáček and Schiermeyer [26] get the same minimum degree for hamiltonicity as in claw-free graphs.

Theorem 2b.17 [26] If G is a 2-connected almost claw-free graph with δ(G) ≥ (n−2)/3, then G is hamiltonian.

Considering triples of independent vertices, they proved in [26] that if G is a 2- connected almost claw-free graph with σ_3(G) ≥ n, then G is hamiltonian, and they conjectured that σ_3(G) ≥ n − 2 implies hamiltonicity in 2-connected almost claw-free graphs. This conjecture was verified for n ≥ 79 by Li and Tian in [125] (see Theorem 2b.19).

δ) Graphs with independent claw centers.

In graphs in which all centers of claws are independent, Hao Li, Mei Lu and Zhiren Sun [124] recently proved a result in which they further decreased the lower bound on minimum degree under an additional assumption that G does not belong to a specified family of graphs. Namely, G ∈ F if G can be decomposed into three vertex disjoint subgraphs G_1, G_2, G_3 plus (2, 1 or 0) additional vertices u_i (i.e. G is a subgraph of one of the graphs F_1, F_2, F_3 in Fig 2b.3).

Theorem 2b.18 [124] Let G be a 2-connected graph such that the set of vertices that are centers of induced claws in G is independent. If δ(G) ≥ (n + 3)/4, then either G ∈ F or G is hamiltonian.

s s s s s s

˚
¯

 ˇ
 ˘

  ˚
  ¯

   ˇ
   ˘

    ˚
    ¯

     ˇ
     ˘

’ $ & % G_1 G_2 G_3

F_1 u_1

  ˚
  ¯

   ˇ
   ˘^{G2}

˚
¯

 ˇ
 ˘

’ $s˚

¯

 ˇ
 ˘

s s s^AAAfi^fi#^{###}””^{””}ııı^{ııı}PPP^{PPP} c^{ccc} HH^{HHH G3}

G_1

F_2 u_2

˚
¯

 ˇ
 ˘

  ˚
  ¯

   ˇ
   ˘

    ˚
    ¯

     ˇ
     ˘

s_{� BBBB}H_{HHHHHH}b_{bbbbblllll#####} ”_{””””} �_� BB BB HHH HHH H cc ccc QQ QQ Q G_1 G_2 G_3

u_1s� � � ## ### � � ””” ”” F_3 Figure 2b.3

Li Hao and Tian Feng proved the following result that generalizes several degree conditions for hamiltonicity in claw-free graphs and also verifies the conjecture of Broersma, Ryjáček and Schiermeyer on almost claw-free graphs for n ≥ 79.

Theorem 2b.19 [125] Let G be a 2-connected graph on n ≥ 79 vertices such that the set of vertices that are centers of induced claws in G is independent. If σ_3(G) ≥ n − 2, then either G ∈ F_2 ∪ F_3 or G is hamiltonian.

For graphs of higher connectivities, Shen, Tian and Wei [178] proved the following result.

Theorem 2b.20 [178] Let G be a k-connected graph (k ≥ 2) such that the set of vertices that are centers of induced claws in G is independent. If σ_{k+1}(G) ≥ n + k, then G is hamiltonian.

ε) K_{1,1,3} and K_{2,3}-free graphs.

These classes of graphs also contain the class of claw-free graphs. In [70], Flandrin, Jung and Li obtained:

Theorem 2b.21 [70] Let G be a 2-connected crown-free and K_{2,3}-free graph such that σ_3 ≥ n + 1. Then G is hamiltonian.

ζ) Graphs with not too many claws.

The δ-condition for hamiltonicity of Matthews and Sumner [149] can be extended if G does not have “too many claws”. For any two independent vertices u, v of G, denote

u uu u u�^�A^{AA} ȷ^{ȷȷȷȷ}�^�A^{AA}Q^{QQQQ}_{The crown K1,1,3} u uu u u�^�A^{AA} ȷ^{ȷȷȷȷ}�^�A^{AA}Q^{QQQQ}_{The graph K2,3}

Figure 2b.4

by n_c(u, v) the number of claws containing both u and v and by n_c(G) the maximum of n_c(u, v) taken over all pairs of nonadjacent vertices of G. Flandrin and Li in [74] proved:

Theorem 2b.22 [74] Let G be a 2-connected graph of order n ≥ 29 and minimum degree δ. Let l be an integer. If one of the following conditions is verified,

1. δ = (n − 2)/3 and n_c(G) < δ/2, 2. δ = (n + l)/3, −1 ≤ l ≤ 1 and n_c(G) < δ − 1, or 3. δ = (n + l)/3, 2 ≤ l ≤ (n − 3)/2 and n_c(G) < δ(l + 2) − 2, then G is hamiltonian.

η) Modified Fan condition

Bedrossian, Chen and Schelp [13] define property P C(k) as follows: G is said to satisfy P C(k) if max{d(x), d(y)} ≥ k/2 for every pair (x, y) of nonadjacent vertices that belong to an induced claw or an induced K_{1,3} + e in G. They prove the following three results:

Theorem 2b.23 [13] If G is a 2-connected graph of order n ≥ 3 satisfying P C(k), k ≤ n, then G has circumference at least k.

Theorem 2b.24 [13] If G is a 2-connected graph of order n ≥ 3 satisfying P C(n), then G is either a cycle, a pancyclic graph, K_{n/2,n/2}, K_{n/2,n/2} − e, or the graph in Fig. 2b.5.

Theorem 2b.25 [13] If G is a 3-connected graph of order n ≥ 3 satisfying P C(n + 1), then G is hamiltonian connected.

u u u u u uu u u u u u. . .ØŒ øÆ_{K2rFigure 2b.5}

ϑ) Conditions on independent triples with a common neighbor

Flandrin, Li and Schiermeyer in [75] combined a neighborhood intersection property along with a global degree condition to get the following two results.

Theorem 2b.26 [75] Let G be a 2-connected graph of order n ≥ 27 with minimum degree δ ≥^{n−2}_3 . If for all triples of independent vertices u, v, w such that N(u)∩N(v)∩N(w) ≠ ∅ we have max{d(u), d(v), d(w)} ≥ n/2, then G is hamiltonian.

Theorem 2b.27 [75] Let G be a 2-connected graph of order n ≥ 3 with σ_3 ≥ n + 2. If for all triples of independent vertices u, v, w such that N(u) ∩ N(v) ∩ N(w) ≠ ∅ we have max{d(u), d(v), d(w)} ≥ n/2, then G is hamiltonian.

ι) Conditions on independent triples.

Flandrin, Jung and Li in [70] considered all triples of independent vertices and obtained the following general results.

Theorem 2b.28 [70] If G is a 2-connected graph of order n such that d(u)+d(v)+d(w) ≥ n + |N(u) ∩ N(v) ∩ N(w)| for any independent set {u, v, w}, then G is hamiltonian.

Theorem 2b.29 [70] If G is a connected graph of order n such that d(u) + d(v) + d(w) ≥ n − 1 + |N(u) ∩ N(v) ∩ N(w)| for any independent set {u, v, w}, then G is traceable.

κ) Biclaw-free bipartite graphs.

An analogous result to those concerning the claw-free property and hamiltonicity is obtained for biclaw-free graphs by Flandrin, Fouquet, Li in [67].

Theorem 2b.30 [67] If G is connected, bipartite, balanced, biclaw-free with δ ≥ max(9, (n + 14)/6), then G is hamiltonian.

The corresponding result for dominating cycles was proved by Barraez, Flandrin, Li and Ordaz in [10].

Theorem 2b.31 [10] If G is connected, bipartite, balanced, biclaw-free with δ ≥ max(24, (n + 69)/8), then every longest cycle in G is dominating.

The following is conjectured by Li Hao [123].

Conjecture 2b.32 [123] There exists a constant c such that every connected bipartite biclaw-free graph G with δ(G) ≥ c is hamiltonian.

c) Local connectivity conditions.

It is easy to see that every graph satisfying a global degree condition must have limited diameter, i.e., every global lower bound on degrees implies at the same time an upper bound on the diameter of G (e.g., Ore’s condition σ_2 ≥ n implies that G must have diameter at most 2). Local conditions, however, are applicable to graphs with arbitrarily large diameter.

If P is a property, then we say that G is locally P if, for every x ∈ V (G), ⟨N(x)⟩ has the property P. As mentioned in the introduction, every locally connected claw-free graph is locally traceable and every locally 2-connected claw-free graph is locally hamiltonian. In this section we will be mainly interested in global consequences of local connectivity conditions.

Oberly and Sumner [155] proved the following result.

Theorem 2c.1 [155] If G is a connected, locally connected claw-free graph on n ≥ 3 vertices, then G is hamiltonian.

Several authors observed that the assumptions of Theorem 2c.1 imply stronger cycle properties. Clark [44] (and also independently later on Shi Rong Hua [179] and Zhang [197]) proved the following.

Theorem 2c.2 [44] Every connected, locally connected claw-free graph on at least three vertices is vertex pancyclic.

Hendry [96] introduced the following concept. We say that G is cycle extendable if for every cycle C with |V (C)| ≥ n − 1 there is a cycle C^′ such that V (C) ⊂ V (C^′) and |V (C^′)| = |V (C)| + 1. G is fully cycle extendable if it is cycle extendable and each vertex is on a triangle.

Hendry [96] (and, later on, independently Ambartsumian, Asratian and Sarkisian [6]) proved the following.

Theorem 2c.3 [96] Every connected, locally connected claw-free graph on at least three vertices is fully cycle extendable.

A graph G is a chordal graph if each cycle C_k in G of length k ≥ 4 has a chord, (i.e., an edge that joins two nonconsecutive vertices of C_k). Balakrishnan and Paulraja in [9] showed that every 2-connected chordal graph is locally connected and from this and the result by Oberly and Sumner, they proved that every 2-connected claw-free chordal graph is hamiltonian. By the result of Hendry [96], we can, moreover, conclude the following.

Theorem 2c.4 [9], [96] Every 2-connected claw-free chordal graph is fully cycle extendable.

If we assume higher local connectivity, we can obtain stronger cycle and path properties. First result in this direction is by Chartrand, Gould and Polimeni [31] who proved that if G is a connected, locally 3-connected claw-free graph then G is hamiltonianconnected. This result was improved by Clark in [44] who proved that (i) any connected, locally 3-connected claw-free graph is panconnected and (ii) if G is a connected, locally 2-connected claw-free graph of diameter d then G is (3, d)-panconnected (we say that G is (r, s)-panconnected if for each pair u, v of vertices with r ≤ d(u, v) ≤ s and for each m satisfying d(u, v) ≤ m ≤ n − 1 there is a u, v-path of length m).

Finally, Kanetkar and Rao in [112] proved the following.

Theorem 2c.5 [112] If G is a connected, locally 2-connected claw-free graph, then G is panconnected.

Broersma and Veldman in [28] conjectured that in 3-connected claw-free graphs, the assumption can be further relaxed.

Conjecture 2c.6 [28] Let G be a connected, locally connected claw-free graph of order at least 4. Then G is panconnected if and only if G is 3-connected.

We say that G is k-hamiltonian if G − U is hamiltonian for every subset U of V (G) with 0 ≤ |U| ≤ k (k ≥ 0). The following was observed by Chartrand, Gould and Polimeni in [31].

Theorem 2c.7 [31] If G is a connected, locally (k + 1)-connected claw-free graph, then G is k-hamiltonian.

Broersma and Veldman conjectured in [28] and then Zhou in [198] proved the following result.

Theorem 2c.8 [198] Let G be a connected, locally k-connected claw-free graph (k ≥ 1). Then G is k-hamiltonian if and only if G is (k + 2)-connected.

On the other hand, there are several results in which the assumptions of the Oberly- Sumner theorem are replaced by weaker conditions which still imply hamiltonicity.

We say that G is quasilocally connected if every vertex cut set of G contains a vertex with a connected neighborhood. Zhang [197] proved that every quasilocally connected claw-free graph of order at least three is pancyclic. Ainouche, Broersma and Veldman [2] strengthened this result showing that every quasilocally connected claw-free graph of order at least 3 is vertex pancyclic. They, moreover, showed that every vertex of a quasilocally connected claw-free graph of order n ≥ 3 is on a special cycle of length i for each i with 3 ≤ i ≤ n (we say that a cycle C is special if C contains a vertex with connected neighborhood).

We say that G has a pancyclic ordering if V (G) can be ordered such that the subgraph induced by the first k vertices is hamiltonian for any k, 3 ≤ k ≤ n. The graph G is vertex pancyclic orderable if for every x ∈ V (G), G has a pancyclic ordering such that x is the first vertex. Clearly, every vertex pancyclic orderable graph is vertex pancyclic. A graph, that is obtained by joining two cliques of the same order by a perfect matching, is an example of a vertex pancyclic claw-free graph that is not vertex pancyclic orderable.

A generalization of Hendry’s concept of cycle extension was introduced in [56]. A nonhamiltonian cycle C is k-chord extendable if it can be extended to a cycle C^′ that has one additional vertex and uses at most k chords of C. A graph G is k-chord extendable if each nonhamiltonian cycle C ⊂ G is k-chord extendable. The graph G is fully k-chord extendable if G is k-chord extendable and every vertex of G is on a triangle.

Let M(G) be the set of all vertices of G that have connected neighborhood. It is easy to observe that G is quasilocally connected if and only if M(G) is a dominating set and ⟨M(G)⟩ is connected. Faudree, Ryjáček and Schiermeyer [60] further strengthened the results of [197] and [2] proving the following.

Theorem 2c.9 [60] Let G be a claw-free graph and put M(G) = {x ∈ V (G)|⟨N(x)⟩ is connected}.

(i) If M(G) is a dominating set, ⟨M(G)⟩ has r components and r ≤ κ(G), then G is hamiltonian.

(ii) If M(G) is a dominating set and ⟨M(G)⟩ is connected, then G is vertex pancyclic orderable.

(iii) If M(G) is a dominating set, ⟨M(G)⟩ is connected and G − M(G) is triangle-free, then G is fully 3-chord extendable.

In [197], Zhang conjectured the following.

Conjecture 2c.10 [197] If G is a 3-connected claw-free graph such that each vertex cut set is not an independent set, then G is hamiltonian.

Another approach is based on the idea of modifying the concept of vertex neighborhood. We say that an edge xy is a neighboring edge of a vertex v if x ≠ v ≠ y and x or y is adjacent to v. The edge induced subgraph on the set of all neighboring edges of v will be called the neighborhood of the second type of v in G and denoted by N_2(v, G) (this concept was first introduced by Sedláček in [174]). The neighborhood (in the obvious sense) of G will be in this context referred to as the neighborhood of the first type of v and denoted by N_1(v, G). A graph G is said to be N_2-locally connected if N_2(v, G) is connected for every v ∈ V (G). Clearly, every locally connected graph is N_2-locally connected. Ryjáček in [165] and [166] used this concept to prove the next theorem.

We say that G satisfies assumption (A) if for every induced subgraph H of G which is isomorphic to either G_1 or G_2 (see Fig. 2c.1), there is at least one vertex v ∈ V (G) of degree 4 in H such that N_1(v, G) is connected. t t t t t t t t_��^�_{@@@} @� � @@ @@ t t t t t t t t_��^�_{@@@} @� � @@ @@ ’ & G_1 G_2 Figure 2c.1

Theorem 2c.11 [165], [166] Let G be a connected, N_2-locally connected claw-free graph with minimum degree δ(G).

(i) If δ(G) ≥ 2, then G has a 2-factor.

(ii) If, moreover, G satisfies the assumption (A), then G is hamiltonian. (iii) If, moreover, G is 3-connected, then G is pancyclic.

It is conjectured in [166] that the assumption (A) is not needed in Theorem 2c.11 for 3-connected graphs.

Conjecture 2c.12 [166] Every 3-connected N_2-locally connected claw-free graph is hamiltonian.

Chen and Xue [36] showed that if G is an N_2-locally connected claw-free graph satisfying (A), then every vertex of G is on a 3-cycle or a 4-cycle which can be extended to a hamiltonian cycle by a series of 1-extensions or 2-extensions (here, by a k-extension of a cycle C we mean a cycle C^′ such that V (C) ⊂ V (C^′) and |V (C^′) − V (C)| = k ).

Li Mingchu [133] used a similar idea to that of Zhang [197] to extend the main result of [166]. He proved that if δ(G) ≥ 3, G satisfies (A) and is N_2-quasilocally connected (i.e., if every vertex cut set of G contains a vertex with connected N_2-neighborhood), then every x ∈ V (G) with connected N_2(x) is contained in cycles of all possible lengths (and, specifically, G is pancyclic). In [132], Li Mingchu slightly further relaxed the assumption of local connectivity and proved a hamiltonicity result with replacing the condition (A) by an analogous one but with 6 induced subgraphs.

Chen Yufu, Li Guojun and Liu Zhenhong [34] introduced the following concept. For every x ∈ V (G) with disconnected ⟨N(x)⟩ denote by K_i(x) (i = 1, 2) the two components of ⟨N(x)⟩. G is said to be strong 2-order neighbor connected if for every x ∈ V (G) with disconnected ⟨N(x)⟩ there are y_i ∈ V (G) − {x} (i = 1, 2) such that |N(y_i) ∩ K_i(x)| ≥ 2 and |N(y_i) ∩ N(K_{i+1}(x)) − {x}| ≥ 2 (i modulo 2).

Theorem 2c.13 [34] Every connected, strong 2-order neighbor connected claw-free graph is hamiltonian.

There are also several extensions to larger classes of graphs. In almost claw-free graphs, Ryjáček [167] showed the following.

Theorem 2c.14 [167] Every connected, locally connected K_{1,4}-free almost claw-free graph is fully cycle extendable.

The paper by Oberly and Sumner [155] contains the following conjecture on a generalization to K_{1,r}-free graphs.

Conjecture 2c.15 [155] If G is a connected, locally r-connected K_{1,r+2}-free graph, then G is hamiltonian.

Shi Ronghua [180] observed that if G is a claw-free graph and if for every pair of vertices x, y with d(x, y) = 2, |N(x) ∩ N(y)| ≥ 2, then G is hamiltonian. Asratian, Broersma, Van den Heuvel and Veldman in [7] extended this result to L_1-graphs in the following way.

Theorem 2c.16 [7] Let G be a connected L_1-graph of order at least 3 such that |N(u) ∩ N(v)| ≥ 2 for every pair of vertices u, v with d(u, v) = 2. Then the following is true:

(a) G is hamiltonian unless G ∈ {G | K_{p,p+1} ⊂ G ⊂ K_p ∨ K_{p+1} for some p ≥ 2}, and (b) each pair of vertices x, y with d(x, y) ≥ 3 is connected by a hamiltonian path of G.

d) Further forbidden subgraphs

We begin this section by listing some additional connected claw-free graphs that have appeared as forbidden subgraphs in conditions that imply hamiltonian properties in graphs. Although the notation for such graphs is not standard, we will attempt to follow the most commonly used terms.

We denote by:

A, the antenna – the unique claw-free graph with degree sequence 333221, B, the bull – the unique graph with degree sequence 33211, D, the deer – the graph obtained from a bull by subdividing its bridges, E, the eiffel – the graph obtained from a net by subdividing one bridge of the net, H, the hourglass – the graph which is obtained by identifying a vertex in 2 distinct copies of K_3, N, the net – the unique graph with degree sequence 333111, S, the station – the unique claw-free graph with degree sequence 443331, T , the tripod – the graph obtained from a K_4 by attaching 3 independent edges, W ,the wounded – the graph obtained from a bull by subdividing one of the bridges of the bull, Z_i,(i ≥ 1) – the graph which is obtained by identifying a vertex of K_3 with an end-vertex of a path of length i.

These graphs appear in Fig. 2d.1. (The graph Z_1 is also called the paw (see Olariu [156])).

u uu u u_{� @@}

The antenna A u

u uu u_{�@@}^{a1 a2}b1 b2_{cThe bull B} uu uu uu u_{�@@}^{b1 b2c1 c2}_{aThe deer D} u uu uu u � �@@ @ The eiffel E

u uuu u�^{�@@}@_{The hourglass H} ua2 ua3u uu ua1_{�@@@}

The net N u b_3 ub_4u b_1 ub_2u a � � @@ @� � @@

The station S u u

u uu u � �@@ @ � � AA A The tripod T

uu uu u u_{�@@}

The wounded W u b_1 ub_2u a �@@_Z

1 ub1 ub2u^a u_{�@@}

Z_2 u b_1 ub_2u a_1u a_2u a_3

�@@_Z 3 u u u u u u u

b_1 c_1 a c_2 b_2

P_7

Figure 2d.1

Any connected graph G of order n ≥ 3 that is P_3-free must be complete, so we will avoid P_3 as a forbidden subgraph.

One of the earliest forbidden subgraph results for hamiltonicity in claw-free graphs is due to Goodman and Hedetniemi [85].

Theorem 2d.1 [85] If G is a 2-connected graph that is CZ_1-free, then G is hamiltonian.

The CZ_1-free property is also very strong, and it can be shown that any connected graph that is CZ_1-free is either a path, a cycle, or a complete graph with at most a matching missing. Thus, for a CZ_1-free, connectivity implies it is traceable, 2-connectivity implies it is either a cycle or is pancyclic, and 3-connectivity implies it is panconnected.

The larger class of CN-free graphs were studied by Duffus, Gould, and Jacobson in [50], where they proved the following.

Theorem 2d.2 [50] Let G be a CN-free graph.

(i) If G is connected, then G is traceable. (ii) If G is 2-connected, then G is hamiltonian.

Continuing in the same vein, Gould and Jacobson considered CZ_i-free graphs for k = 2, 3 in [88] and verified the following.

Theorem 2d.3 [88] Let G be a 2-connected claw-free graph.

a) If G is Z_2-free, then G is a cycle or is pancyclic. b) If G is Z_3-free and H-free, then G is hamiltonian. c) If G is H-free of diameter ≤ 3, then G is homogeneously traceable.

In the doctoral thesis of Gould [86] diameter 2 claw-free graphs were investigated and the following proved.

Theorem 2d.4 [86] If G is a C-free graph of diameter at most 2, then G is hamiltonian.

As was noted in subsection 2c, Hendry introduced the concepts of cycle extendable and fully cycle extendable in [96], and extended the result of Gould and Jacobson by proving the following.

Theorem 2d.5 [96] If G is a 2-connected CZ_2-free graph of order n ≥ 10, then G is cycle extendable.

Broersma and Veldman generalized several of the forbidden subgraph conditions for hamiltonian and pancyclic results in [29]. In particular one consequence of these results is the following (cf. Theorem 2d.19(iii)).

Theorem 2d.6 [29] If G is a 2-connected CP_6-free or CDP_7-free graph, then G is hamiltonian.

A wide variety of authors have shown that various pairs of connected forbidden subgraphs imply that a graph G is hamiltonian or pancyclic. These pairs all included the claw as one of the forbidden subgraphs. This was not by accident as the following result of Bedrossian in [12], which characterizes all such pairs of graphs that avoid a P_3, shows.

Theorem 2d.7 [12] Let X and Y be connected graphs with X, Y ≠ P_3, and let G be a 2-connected graph that is not a cycle. Then, G being XY -free implies G is hamiltonian if an only if (up to symmetry) X = C and Y = P_4, P_5, P_6, C_3, Z_1, Z_2, B, N or W .

Note that each of the possible subgraphs for Y in the previous theorem are induced subgraphs of either P_6, N, or W , and that CP_6-free graphs were shown to be hamiltonian in [29], and CN-free graphs in [50]. Thus, the previous result gives one new graph W such that CW -free implies a 2-connected graph is hamiltonian, and characterizes all pairs of connected forbidden graphs in a 2-connected graph that imply hamiltonicity.

A pancyclic version of the previous theorem was also proved by Bedrossian in [12].

Theorem 2d.8 [12] Let X and Y be connected graphs with X, Y ≠ P_3, and let G be a 2-connected graph that is not a cycle. Then, G being XY -free implies G is pancyclic if and only if (up to symmetry) X = C and Y = P_4, P_5, Z_1, or Z_2.

The maximal pairs in the pancyclic case are CP_5 and CZ_2, and it was proved in [88] that 2-connected CZ_2-free graphs are pancyclic or a cycle. The previous result adds the pair CP_5 to those forbidden graphs that imply pancyclicity and characterizes those pairs of forbidden graphs that imply pancyclicity.

Problem 2d.9 It would be interesting to characterize those pairs of connected graphs

X and Y such that if G is a connected (3-connected) XY -free graph, then G is traceable (hamiltonian connected). Other hamiltonian properties such as homogeneously traceable, panconnected, pancyclic ordering, and fully cycle extendable could also be considered.

In general, 2-connected CP_6-free graphs are not pancyclic, but Faudree, Ryjáček, and Schiermeyer in [59] proved that the only exceptions are graphs of order at most 9. A graph G has a k-pancyclic ordering if the vertices of G can be ordered such that the graph induced by the first j vertices (j ≥ k) is hamiltonian. Thus a graph with a 3-pancyclic ordering has a pancyclic ordering. The following result in [59] gives some forbidden subgraph conditions for a k-pancyclic ordering.

Theorem 2d.10 [59] Let G be a 2-connected C-free graph of order n.

(i) If G is P_5-free, then G is pancyclic and has a 5-pancyclic ordering. (ii) If G is P_6-free and n ≥ 10, then G is pancyclic and has a 6-pancyclic ordering. (iii) If G is DP_7-free and n ≥ 13, then G is pancyclic and has a 8-pancyclic ordering.

The following theorem shows that together with P_7, the hourglass H can be also considered as a forbidden subgraph to obtain hamiltonian properties.

Theorem 2d.11 [59] Let G be a 2-connected C-free graph of order n.

(i) If G is HP_7-free, then G is hamiltonian.

(ii) If G is HP_7-free and n ≥ 13, then G is pancyclic or missing only one cycle.

An example of a CHP_7-free graph that is missing exactly one cycle is the graph in Fig. 2b.5.

Recall that a graph G is k-chord extendable if each nonhamiltonian cycle C in G can be extended to a cycle C^′ that has one additional vertex and uses at most k chords of C. The following result of Faudree, Ryjáček, and Schiermeyer generalizes the result of Hendry [96]

Theorem 2d.12 [59] If G is a 2-connected CZ_2-free graph of order at least 10, then G is 2-chord extendable.

For any property that implies that a graph G is cycle extendable, it is natural to ask what is the smallest nonnegative integer k such that the same property implies that the graph G is k-chord extendable (or if such a k actually exists).

Shepherd in [176] and [177] investigated additional hamiltonian properties for CN-free graphs. In particular, the following was proved.

Theorem 2d.13 [176] If G is a 3-connected CN-free graph, then G is pancyclic.

A graph G is k-leaf-connected, k ≥ 2, if for each subset S of k vertices, there is a spanning tree T of G whose leaves (i.e. the vertices of degree 1) are exactly the vertices in S. Thus, 2-leaf connected is just hamiltonian connected. The relationship between connectivity and leaf-connectivity was investigated by Shepherd in [177].

Theorem 2d.14 [177] Let G be a CN-free graph, k ≥ 2. Then, G is (k + 1)-connected if and only if G is k-leaf-connected.

Corollary 2d.15 Let G be a CN-free graph. Then G is hamiltonian-connected if and only if G is 3-connected.

The results on CN-free graphs are further extended by Shepherd in [177] to the class of distance claw-free graphs. Recall that the vertices at a distance i from v is denoted by N_i(v) and called the distance i neighborhood of a vertex v. Clearly G is claw-free if and only if α(N_1(v)) = 2 for every v ∈ V (G) (where α(H) denotes the independence number of H) and G is distance claw-free if α(N_i(v)) = 2 for every v ∈ V (G) and for every i. As mentioned in the introduction, G is distance claw-free if and only if it is claw-free, eiffel-free and tripod-free (see [177]). From this it follows immediately that

Proposition 2d.16 [177] CN-free ⇒ distance claw-free ⇒ claw-free.

With this characterization Shepherd proved the following in [177].

Theorem 2d.17 [177] Let G be a distance claw-free graph.

(i) If G is 2-connected, then G is traceable. (ii) If G is 3-connected, then G is hamiltonian.

Also in [177] Shepherd proved the following characterization of CN-free graphs. A graph G is said to be distance 2-complete centered at v if G − v has two components and in each component C and for each positive integer i, the vertices at distance i from v in ⟨C ∪ v⟩ induce a complete graph.

Theorem 2d.18 [177] A connected graph G is CN-free if and only if for every minimal cut set S and every v in S, G − (S − {v}) is distance 2-complete centered at v.

Broersma and Veldman in [29] generalized some of the previous results by admitting additional induced subgraphs but under special conditions on common neighbors of some of their vertices. If H is a subgraph of G and x, y ∈ V (H), then we say that H has the property Φ(x, y) if x and y have a common neighbor outside H. See Fig. 2d.1. for the induced graphs of the remaining theorems of this section.

Theorem 2d.19 [29] Let G be a 2-connected claw-free graph.

(i) If every induced Z_1 of G satisfies Φ(a, b_1) ∨ Φ(a, b_2), then G is a cycle or G is pancyclic.

(ii) If every induced Z_2 of G satisfies Φ(a, b_1) ∧ Φ(a, b_2), then G is a cycle or G is pancyclic.

(iii) If every induced subgraph of G isomorphic to P_7 or to D satisfies Φ(a, b_1) ∨ Φ(a, b_2) ∨ (Φ(a, c_1) ∧ Φ(a, c_2)), then G is hamiltonian.

(iv) If every induced B of G satisfies Φ(a_1, a_2) ∨ {[Φ(a_1, b_2) ∨ Φ(a_1, c)] ∧ [Φ(a_2, b_1) ∨ Φ(a_2, c)]}, and every induced F of G satisfies Φ(a, b_1) ∨ Φ(a, b_2) ∨ Φ(a, b_3) ∨ Φ(a, b_4), then G is hamiltonian.

(v) If G is H-free and every induced Z_3 of G satisfies Φ(a_1, b_1) ∨ Φ(a_1, b_2) ∨ Φ(a_2, b_1) ∨ Φ(a_2, b_2) ∨ [Φ(a_3, b_1) ∧ Φ(a_3, b_2)], then G is hamiltonian.

In the paper of Broersma and Veldman [29] the following was conjectured and then proved by Zhiquan Hu in [102].

Theorem 2d.20 [102] Let G be a 2-connected claw-free graph. If every induced N of G satisfies (Φ(a_1, a_2) ∧ Φ(a_1, a_3)) ∨ (Φ(a_1, a_2) ∧ Φ(a_2, a_3)) ∨ (Φ(a_1, a_3) ∧ Φ(a_2, a_3)), then G is hamiltonian.

A weaker version of this statement, saying that “a 2-connected claw-free graph G is hamiltonian provided every induced B of G satisfies Φ(a_1, a_2)” was also conjectured in [29], and then proved independently in [168].

Broersma, Ryjáček and Schiermeyer proved in [27] the following common generalization of the minimum degree condition for hamiltonicity and of Theorems 2c.1, 2d.6 and 2d.11(i). For any u, v ∈ V (G) we say that {u, v} is a

2-pair if u, v are at distance 2 in G, B-pair if u, v are vertices of degree 1 in an induced subgraph of G isomorphic to B, H-pair if u, v are nonadjacent vertices of degree 2 in an induced subgraph of G isomorphic to H,

D-pair if {u, v} = {a, c_1} or {u, v} = {a, c_2} in an induced subgraph of G isomorphic to D,

P_7-pair if {u, v} = {a, c_1} or {u, v} = {a, c_2} in an induced subgraph of G isomorphic to P_7.

Theorem 2d.21. [27] Let G be a 2-connected claw-free graph on n vertices. If each 2-pair {u, v} ⊂ V (G) satisfies at least one of the following conditions, then G is hamiltonian.

(1) min{d(u), d(v)} ≥^1_3 (n − 2); (2) |N(u) ∩ N(v)| ≥ 2; (3) {u, v} is a 3-pair in G − w, and there exists a path ux_1x_2v of length 3 in G − w such that wx_2 ∈ E(G), where w ∈ N(u) ∩ N(v);

(4) {u, v} is neither a D-pair nor a P_7-pair in G; (5) {u, v} is neither an H-pair nor a P_7-pair in G;

(6) {u, v} is a 3-pair in G − w, and not a B-pair in G − w, where w ∈ N(u) ∩ N(v); (7) {u, v} is a 3-pair in G−w, and there are at least two internally-disjoint (u, v)-paths of length 3 in G − w, where w ∈ N(u) ∩ N(v).

e) Invariants

The well-known theorem by Chvátal and Erdős in [42] states that if G satisfies α(G) ≤ κ(G), then G is hamiltonian (or, equivalently, every nonhamiltonian graph of connectivity κ contains an independent set with κ + 1 vertices). Flandrin and Li in [72] proved that in a 3-connected claw-free graph the assumptions can be weakened.

Theorem 2e.1 [72] If G is a claw-free graph with connectivity κ ≥ 3 and α(G) ≤ 2κ, then G is hamiltonian.

Ainouche, Broersma and Veldman [2] showed that every nonhamiltonian claw-free graph contains an independent set I of κ + 1 vertices such that no two vertices of I have a common neighbor. Thus, they proved the following.

Theorem 2e.2 [2] If G is a k-connected claw-free graph (k ≥ 2) with α(G^2) ≤ k, then G is hamiltonian.

Examples are given in [2] showing that Theorem 2e.2 and the result of Flandrin and Li in [72] are independent. This theorem also extends the result of Zhang in [196] (saying that, in k-connected claw-free graphs, σ_{κ+1} ≥ n−κ implies hamiltonicity) and the theorem that every 2-connected claw-free graph of diameter at most 2 is hamiltonian (which is originally by Gould [86]). It also implies the following observation (where γ(G) denotes the domination number of G).

Corollary 2e.3 [167] If G is a k-connected claw-free graph (k ≥ 2) with γ(G) ≤ k, then G is hamiltonian.

The result of Gould in [86] was extended by Flandrin and Li [73] in the following way. Denote by D(G) the diameter of G and put D^′(G) = max{D(⟨V (G) − {x}⟩) | x ∈ V (G)}. Let L be the class of graphs that are obtained by taking 2k + 1 (k ≥ 1) vertex disjoint cliques of size at least three, choosing a pair of vertices x_i, y_i (i = 1, . . . , 2k + 1) in each of them and making ⟨x_1, . . . , x_{2k+1}⟩ and ⟨y_1, . . . , y_{2k+1}⟩ complete graphs.

Theorem 2e.4 [73] Every 2-connected claw-free graph G with D^′(G) ≤ 3 is hamiltonian except when G ∈ L.

The following analogue of the Chvátal-Erdős’ theorem for traceability was also proved in [2].

Theorem 2e.5 [2] If G is a k-connected claw-free graph with α(G^2) ≤ k + 1, then G is traceable.

The special case k = 1 gives the following corollary.

Corollary 2e.6 [2] Every connected claw-free graph of diameter at most 2 is traceable.

For any subgraph H ⊂ G denote by α_3(H) the maximum number of vertices of H that are pairwise at distance at least three in G. Broersma and Lu [25] further extended Theorem 2e.2.

Theorem 2e.7 [25] Let G be a 2-connected claw-free graph and let H be a subgraph of G. If α_3(H) ≤ κ(G), the G has a cycle which contains all vertices of H.

Since σ_{k+1}(S) ≥ n − k implies α_3(S) ≤ k, a consequence of Theorem 2c.7 is the following.

Corollary 2e.8. [25] Let G be a k-connected claw-free graph (k ≥ 2) of order n and let S ⊂ V (G). If σ_{k+1}(S) ≥ n − k, then G has a cycle which contains all vertices of S.

f) Squares

Harary and Schwenk in [93] characterized those trees whose squares are hamiltonian in terms of the forbidden subgraph S(K_{1,3}), the graph obtained from a claw K_{1,3} by subdividing each edge (see Fig. 2f.1). It is easily checked that (S(K_{1,3}))^2 is not hamiltonian, and consequently that the square of any tree with a S(K_{1,3}) is not hamiltonian.

Theorem 2f.1 [93] If T is a tree of order at least 3, then the square T^2 is hamiltonian if and only if T is S(K_{1,3})-free.

Although the square of a connected graph of even order is not, in general, hamiltonian, it does have a perfect matching (see [32], [183], and [153]). However, much more can be

t t t t @@ @ � � AA A

S(K_{1,3}) t

t tt tt_{@@@�} A^{AA}_{� AAAAA�} � AA AA A CC CC C

(S(K_{1,3}))^2 Figure 2f.1

said about the square of a connected claw-free graph. Matthews and Sumner in [148] investigated the squares of claw-free graphs and proved the following.

Theorem 2f.2 [148] If G is a connected claw-free graph, then:

(i) G^2 is vertex pancyclic, (ii) the total graph of G is hamiltonian.

The results of Matthews and Sumner were improved by Gould and Jacobson in [89] by showing that G^2 is vertex pancyclic if G is a connected Y -free graph, where Y is the graph obtained from S(K_{1,3}) by deleting an endvertex (see Fig. 2f.2), or if G is connected, S(K_{1,3})-free, and in addition, K_{1,4}NR-free, where N is the net and R is the graph obtained by identifying a vertex of a K_3 with one of the central vertices of a P_4 (see Fig. 2f.2).

u u u uH_{HH}�^�_{R1} u u uH_{HHHHH}�^�_Y u u u u ææ ææ ææ ZZ ZZ ZZ R u u u u u u u ææ ææ ææ ZZ ZZ ZZ R_2 Figure 2f.2

Theorem 2f.3 [89]

(i) If G is a connected K_{1,4}-free and Y -free graph, then G^2 is vertex pancyclic. (ii) If G is a connected K_{1,4}-free, S(K_{1,3})-free, N-free and R-free graph with n ≥ 3, then G^2 is vertex pancyclic.

Similar results were obtained by Flandrin in [64], where, in particular, (ii) of the previous result was improved by replacing K_{1,4} by R_1, where R_1 is obtained from a K_{1,4} by subdividing 1 edge, and replacing R by R_2, where R_2 is obtained by identifying a vertex of a K_3 with the central vertex of a P_5, (see Fig. 2f.2).

Theorem 2f.4 [64] If G is a connected K_{1,4}NR_1R_2-free graph, then G^2 is vertex pancyclic.

The following, which improves the results of Gould and Jacobson and also of Flandrin, was conjectured by Gould and Jacobson in [89] and proved by Hendry and Vogler [95].

Theorem 2f.5 [95] If G is a connected S(K_{1,3})-free graph with at least three vertices, then G^2 is vertex pancyclic.

Using the concept of a fully cycle extendable graph, the previous result was also strengthened by Hendry in a later paper [96], and he also conjectured that if G is a 2-connected graph (without being claw-free), then G^2 is fully cycle extendable.

Theorem 2f.6 [96] If G is a connected S(K_{1,3})-free graph with at least three vertices, then G^2 is fully cycle extendable.

Sekanina in [175] and independently later on Karaganis in [113] proved that for any tree T , the cube T^3 is hamiltonian. Since the endvertices of the tree can be pruned, an immediate consequence of this is the following result.

Theorem 2f.7 [175], [113] If G is a connected graph, then G^3 has a pancyclic ordering.

However, more can be said about the cube of a connected graph. Šoltés (personal communication) proved that such a graph is fully cycle extendable.

Theorem 2f.8 If G is a connected graph, then G^3 is fully cycle extendable.

It would be interesting to know if full cycle extendibility can be replaced by k-chord cycle extendable for some small integer k, say, k ≤ 3, in all or even some of the previous results on the square and cube of a connected graph. At least k = 3 is necessary for the cube of a graph.

g) Regular graphs

A strong motivation for considering claw-free regular graphs is the result of Jackson on regular graphs in [103].

Theorem 2g.1 [103] Every 2-connected, k-regular graph of order n ≤ 3k is hamiltonian.

The Petersen graph, which is non-hamiltonian and 3-regular of order 10, implies that for k = 3 the degree of regularity in the previous result cannot be reduced. Also, for k ≥ 4 there are non-hamiltonian 2-connected k-regular graphs with 3k + 5 vertices, so the degree of regularity cannot be reduced significantly in the result of Jackson. A minor improvement was made by Zhu, Liu and Yu in [139], where it was shown for k ≥ 5 that a 2-connected k-regular graph of order at most 3k + 3 is hamiltonian.

For claw-free graphs a smaller degree of regularity is sufficient to imply that a graph is hamiltonian, as the following result of Liu and Wu in [138] proves.

Theorem 2g.2 [138] Every 2-connected, k-regular claw-free graph of order n ≤ 4k + 1 is hamiltonian.

There is an example of a non-hamiltonian graph in [138] to show that for k = 4 the previous result of Liu and Wu is sharp, but it is not known if this is true for large k. Li Mingchu has also proved a sharp result on the circumference of a regular 2-connected claw-free graph.

Theorem 2g.3 [131] Every 2-connected, k-regular claw-free graph of order n ≥ 4k − 2 has a cycle of length at least 4k − 2.

If the connectivity is increased, then a smaller degree of regularity is sufficient to give hamiltonicity. This was shown by Li and Liu in [134].

Theorem 2g.4 [134] Every 3-connected, k-regular claw-free graph of order n ≤ 5k − 5 is hamiltonian.

It is not known if the degree of regularity in the previous result is sharp. Of course, it was conjectured by Matthews and Sumner in [148] that any 4-connected claw-free graph is hamiltonian. The next result of Plummer in [163] is a special case of the conjecture of Matthews and Sumner.

Theorem 2g.5 [163] If G is a 4-connected, 4-regular, claw-free graph containing a K_4, then G is hamiltonian.

The previous results comes out of a stronger result about the structure of 4-connected, 4-regular claw-free graphs that contain a K_4. These results also lead to the next conjecture.

Conjecture 2g.6 [163] Every 4-connected 4-regular claw-free graph in which each vertex lies in exactly two triangles is hamiltonian.

It should be noted that the previous conjecture is equivalent to another well known conjecture by Thomassen [187] that any 4-connected line graph is hamiltonian (see also [177], p. 174) and that both these conjectures (if true) follow from Conjecture 2a.3 by Matthews and Sumner.

The toughness of cubic graphs was investigated by Jackson and Katerinis in [106], and they proved the following result.

Theorem 2g.7 [106] Let G be a cubic graph. Then G is 3/2-tough if and only if G = K_4, G = K_2 × K_3, or G is the inflation of a 3-connected graph.

Corollary 2g.8 [106] Every 3/2-tough cubic graph is claw-free.

Corollary 2g.8 and Theorem 2a.1 immediately give the following.

Corollary 2g.9 Let G be a cubic graph. Then G is 3/2-tough if and only if G is 3- connected and claw-free.

h) Other hamiltonicity related results and generalizations

There are numerous generalizations of paths and cycles and hamiltonian properties in graphs, and one of these generalizations is the k-walk. A k-walk in G is a closed spanning walk that visits each vertex of G at most k-times, and if each vertex is visited exactly k-times, then it is called an exact k-walk. Thus, if G has at least three vertices, then a 1-walk in G is a hamiltonian cycle of G.

Jackson and Wormald in [107] investigated k-walks in claw-free graphs. In particular they proved the following, which implies the existence of k-walks in K_{1,k+1}-free graphs.

Theorem 2h.1 [107] Let G be a connected K_{1,k+1}-free graph. Then

(i) G has a k-walk, and

(ii) if δ(G) ≥ k, then G has an exact k-walk.

In the special case k = 1, we obtain the following corollary.

Corollary 2h.2 [107] Every connected claw-free graph G has a 2-walk. If, moreover, δ(G) ≥ 2, then G has an exact 2-walk.

As the connectivity of G increases, the restriction on the claw-free property can be decreased, as the following result indicates.

Theorem 2h.3 [107] If j ≥ 1, k ≥ 3 and G is j-connected and K_{1,j(k−2)+1}-free, then G has a k-walk.

The previous general result does not imply the result for connected graphs that preceded it, but it is conjectured that the result can be sharpened so that this is true.

Conjecture 2h.4 [107] If j ≥ 1, k ≥ 2 and G is j-connected and K_{1,jk+1}-free, then G has a k-walk.

The previous conjecture and the conjecture of Matthews and Sumner in [148] leads to the following question concerning r-connected K_{1,r}-free graphs.

Question 2h.5 [107] If r ≥ 4 and G is r-connected and K_{1,r}-free, then does G have a 1-walk.

Oberly and Sumner in [155] proved that every connected, locally connected claw-free graph is hamiltonian (Theorem 2c.1), so the following theorem is another extension of that well-known result.

Theorem 2h.6 [107] For k ≥ 1, every connected, locally connected K_{1,k+2}-free graph with at least three vertices has a k-walk.

The next conjecture is the locally connected analogue of one of the previous conjectures.

Conjecture 2h.7 [107] If j ≥ 1, k ≥ 1 and G is connected, locally j-connected and K_{1,(j+1)k+1}-free, then G has a k-walk.

In [62] Favaron, Flandrin, Li, and Ryjáček investigated k-walks in almost claw-free graphs, and generalized some of the results for claw-free graphs of Jackson and Wormald in [107]. Also, additional information on the nature of k-walks are given. Denote by v(x, C) the number of visits by a k-walk C of a vertex x ∈ V (G).

Theorem 2h.8 [62] If G is a connected almost claw-free graph of order n ≥ 3, then (i) G has a 2-walk, (ii) for any x ∈ V (G) there is a 2-walk C such that v(x, C) = 1 if and only if x is not a cutvertex of G,

(iii) if ⟨N(x)⟩ is connected then there is a shortest 2-walk C such that v(x, C) = 1, and (iv) if B = {x ∈ V (G)| ⟨N(x)⟩ is connected and x not the center of a claw}, then there is a shortest 2-walk C such that v(x, C) = 1 for every x ∈ B.

Part (iv) is a common generalization of results of Oberly and Sumner in [155] and of

Jackson and Wormald in [107].

In the special case of claw-free graphs, there is the following corollary.

Corollary 2h.9 [62] Let G be a connected claw-free graph.

(i) If x ∈ V (G), then there is a 2-walk that visits x exactly once if and only if x is not a cutvertex of G.

(ii) There is a shortest 2-walk that visits once all vertices with a connected neighborhood.

Some of the degree conditions that implied a graph was hamiltonian, such as those of Ore and Dirac, were generalized by Bondy and Chvátal by considering closure conditions (adding an edge without changing the hamiltonian property of the graph). A closure-type condition was considered by Broersma in [30] and, in claw-free graphs, this lead to the following result. Two vertices u, v of G are said to be a K_4-pair if u and v are the vertices of degree two of an induced subgraph of G which is isomorphic to K_4 − e.

Theorem 2h.10 [30] Let {u, v} be a K_4-pair of a claw-free graph G. Then G is hamiltonian if and only if G + uv is hamiltonian.

3. MATCHINGS AND FACTORS

The basic result concerning perfect matchings or 1-factors in claw-free graphs was proved independently by Sumner in [183] and Las Vergnas in [120]

Theorem 3.1 [183], [120] If G is a connected claw-free graph of even order, then G has a 1-factor.

Since the claw does not have a perfect matching, the previous result implies that each connected subgraph of even order in a graph G has a 1-factor if and only if G is claw-free. Another consequence is that if G is a connected graph of even order n without a 1-factor, then for each 4 ≤ k ≤ n there is a connected subgraph of order k without a 1-factor.

The classical result of Tutte says that a graph G fails to have a 1-factor if and only if there is some separating set S such that the number of odd components c_0(G − S) in G − S exceeds |S|. A set S with the property that c_0(G − S) > |S| is called an antifactor set. Sumner showed in [184] that in a graph G without a 1-factor, an antifactor set S can be chosen such that each vertex in S is the center of a claw.

Theorem 3.2 [184] If G is an even connected graph that does not have a perfect matching then there is a set S ⊂ V (G) such that c_0(G − S) > |S| and every vertex of S is adjacent to vertices in at least three odd components of G − S.

In fact, if the antifactor set S is minimal, then each vertex of S is the center of a claw.

Corollary 3.3 [184] If G is a connected graph of even order that does not have a perfect matching and S is a minimal antifactor set for G, then every element of S is a claw center.

Corollary 3.4 [184] If a k-connected graph G of even order has fewer than k claw centers, then G has a 1-factor.

The previous results imply that the theorem of Tutte can be restated in the following form.

Theorem 3.5 A graph G has a 1-factor if and only if there does not exists a set S of claw centers of G such that c_0(G − S) > |S|

Additional properties of antifactor sets in graphs without 1-factors and the relationship of antifactor sets and the block structure of a graph can be found in [184].

The result of Sumner and Las Vergnas can be improved significantly as the connectivity of the graph increases.

Theorem 3.6 [184] If r ≥ 2, then every (r − 1)-connected K_{1,r}-free graph of even order has a 1-factor.

The result of Sumner and Las Vergnas for claw-free graphs has been generalized in several ways, including the following two results due to Nebeský in [152] and Ryjáček in [167]. Each have the Sumner and Las Vergnas result as a corollary.

Theorem 3.7 [152] Let G be a graph of even order. Assume that there exists a connected spanning subgraph F of G such that for every set U of four vertices in G, if ⟨U⟩_F is isomorphic to the claw, then ⟨U⟩_G is isomorphic to K_4. Then G has a 1-factor.

Theorem 3.8 [167] Every connected almost claw-free graph of even order has a 1-factor.

Recall that a graph is an L_1-graph is for each triple of vertices u, v, w with d(u, v) = 2 and w ∈ N(u)∩N(v), then d(u)+d(v) ≥ |N(u)∪N(v)∪N(w)|−1. The class of L_1-graphs includes the claw-free graphs, and Asratian, Broersma, Van den Heuvel and Veldman in [7] extended the 1-factor result for claw-free graphs to L_1-graphs.

Theorem 3.9 [7] If G is a connected L_1-graph of even order, then G has a 1-factor.

If a graph G has odd order, then it cannot have a 1-factor (or perfect matching). However, other factors that approximate 1-factors have been investigated for such graphs. More generally, if H_1, H_2 are graphs, then by a H_1, {H_2}-factor of G we mean a factor H such that exactly one component of H is isomorphic to H_1 and all the other components of H are isomorphic to H_2. Also, a factor is said to be strong if its components are induced subgraphs. Natural factors to consider for odd order graphs are K_3, {P_2}-factors, P_3, {P_2}-factors, and C_{2k+1}, {P_2}-factors, which are called perfect 2-matchings. This type of problem was investigated by Lonc and Ryjáček in [140] and Ryjáček in [165].

In [140], a complete characterization was given for classes of claw-free graphs of odd order that fail to have

(i) a K_3, {P_2}-factor, (ii) a strong P_3, {P_2}-factor, (iii) a perfect 2-matching.

From these characterizations one can easily obtain the following assertion, which was originally proved in [165].

Corollary 3.10 [165] Let G be a connected claw-free graph with odd number n ≥ 3 vertices. If G has at most one vertex of degree 1 then G has a perfect 2-matching.

If N_2-locally connected is added to the claw-free property, then the existence of a 2-factor was also shown in [165], and mentioned in section 2c.

Theorem 3.11 [165] If G is a connected, N_2-locally connected claw-free graph with minimum degree δ(G) ≥ 2, then G has a 2-factor.

Less is known about the existence of k-factors in claw-free graphs for k ≥ 2. However, one of the first results was due to Choudum and Paulraj in [38].

Theorem 3.12 [38] Let k ≥ 1 be an integer. If G is a connected claw-free graph with k|V (G)| even and with minimum degree δ(G) ≥ 2k, then G has a k-factor.

The minimum degree condition sufficient to insure a k-factor in a claw-free graph was weakened by Egawa and Ota in [52].

Theorem 3.13 [52] Let k ≥ 2 be an integer. If G is a connected claw-free graph with k|V (G)| even and with minimum degree δ(G) ≥ ⌈(9k + 12)/8⌉, then G has a k-factor.

This previous theorem of Egawa and Ota is an extension of a result of Nishimura in [154], in which the same lower bound on δ was shown to imply the existence of a k-factor in line graphs. Egawa and Ota also have an analogous result for K_{1,r}-free graphs in the same article.

Theorem 3.14 [52] Let r for (r ≥ 3) and k be positive integers. If k is odd, we assume that k ≥ r − 1. Let G be a connected K_{1,r}-free graph with k|V (G)| even, and suppose that the minimum degree of G is at least (r^2/4(r − 1))k + (3r − 6)/2 + (r − 1)/4k. Then G has a k-factor.

Examples are given which verify that the condition k ≥ r − 1 is necessary. Although the minimum degree condition in the previous results might not be sharp, examples are given to verify that they are of the correct order of magnitude.

If G is a graph with a perfect matching and 1 ≤ k ≤ (n − 2)/2, then we say that G is k-extendable if every matching of size k is a subset of a perfect matching in G. Also, a graph G is bicritical if G − u − v has a perfect matching for every pair of vertices u, v, so a bicritical graph is 1-extendable. The extendibility of matchings was studied by Plummer in [162], and the following two complementary results were proved.

Theorem 3.15 [162] If G is a k-extendable claw-free graph, then δ(G) ≥ 2k.

Theorem 3.16 [162] If G is a (2k+1)-connected claw-free graph, then G is k-extendable.

There are some interesting special cases of the previous results for planar graphs. For example, it follows that every 3-connected claw-free graph is 1-extendable, but it is known that no planar graph is 3-extendable. The following was proved in [162].

Theorem 3.17 [162]

(i) The only 2-extendable 3-connected claw-free planar graph is the icosahedron. (ii) No toroidal claw-free graph is 3-extendable.

In [170], Ryjáček extended the minimum connectivity condition result for claw-free graphs of Plummer in [162] to K_{1,r}-free graphs with independent claw centers (and hence, as a corollary, also to almost claw-free graphs).

Theorem 3.18 [170] Let G be an even (2k+1)-connected K_{1,k+3}-free graph such that the set of vertices that are centers of induced claws is independent. Then G is k-extendable.

The extendibility of matchings for 3-connected and 4-regular 4-connected claw-free graphs was studied by Plummer in [163]. This led to a series of results which give some improvement on his more general previous results for 2-extendable graphs. First two results for 3-connected graphs.

Theorem 3.19 [163] Let G be a 3-connected even order claw-free graph. Then G is 2-extendable if and only if G does not contain two independent edges e_i = a_ib_i (i = 1, 2) such that G − a_1 − a_2 − b_1 − b_2 consists of precisely two components which are both odd.

Theorem 3.20 [163] Let G be a 3-connected cubic even order claw-free graph and {e_1, e_2} (e_i = a_ib_i, i = 1, 2) a set of two independent edges in G. Then {e_1, e_2} extends to a perfect matching of G if and only if G − a_1 − a_2 − b_1 − b_2 is not disconnected with one of its components a single vertex.

Additional characterizations of cubic 3-connected claw-free graphs and 2-extendibility of matchings can also be found in [163]. The conditions of the next result are also sufficient for a graph to be hamiltonian (see Theorem 2g.2).

Theorem 3.21 [163] Let G be a 4-connected, 4-regular claw-free graph containing a K_4. Then either G = K_5 or G is 2-extendable.

Further general information on matchings and factors in graphs can be found in the survey paper by Akiyama and Kano [3] and in the excellent book Matching Theory by Lovász and Plummer [142].

4. INDEPENDENCE, DOMINATION, OTHER INVARIANTS AND EX- TREMAL PROBLEMS

We begin with a discussion of independence, domination and irredundance in a graph. Recall that a set S of vertices of a graph G is independent if no pair of vertices of S are adjacent, is dominating if the closed neighborhood of S is V (G), and is redundant if the closed neighborhood of some proper subset of S is the same as the closed neighborhood of S. A set S is irredundant if it is not redundant. For any graph G we define the following parameters.

α(G) = the maximum cardinality of a maximal independent set in G (i.e. the independence number of G), γ(G) = the minimum cardinality of a minimal dominating set in G (i.e. the domination number of G), i(G) = the minimum cardinality of a maximal independent set in G

(i.e., the independent domination number of G), Γ(G) = the maximum cardinality of a minimal dominating set in G, ir(G) = the minimum cardinality of a maximal irredundant set in G, and IR(G) = the maximum cardinality of a maximal irredundant set in G.

Using the definitions, it is straightforward to verify the following relationships between these parameters.

Theorem 4.1 For any graph G, ir(G) ≤ γ(G) ≤ i(G) ≤ α(G) ≤ Γ(G) ≤ IR(G). In one of the first papers concerning independence and domination for claw-free graphs Allan and Laskar proved in [4] (and, as mentioned in [61], it was also proved independently by Jaeger and Payan) that γ(G) = i(G).

Theorem 4.2 [4] If G is claw-free, then γ(G) = i(G).

Since every induced subgraph of a claw-free graph is claw-free, it follows that claw-free graphs are domination perfect, (i.e., if G is claw-free, then γ(H) = i(H) for every induced subgraph H of G). The concept of domination perfect graphs was introduced by Sumner and Moore in [186], and they showed that a graph G is domination perfect if and only if each induced subgraph H of G with γ(G) = 2 has i(G) = 2.

Bollobás and Cockayne in [18] extended the result of Allan and Laskar in [4] from claw-free graphs to graphs that are K_{1,r}-free.

Theorem 4.3 [18] If G is K_{1,k+1}-free, then i(G) ≤ γ(G)(k − 1) − (k − 2).

Zverovich and Zverovich in [199] attacked the question of characterizing domination perfect graphs. However, Fulman in [78] showed that the statement in [199] fails and he gave counterexamples to it. In addition, as a generalization of the result of Allan and Laskar [4], he proved that a graph G is domination perfect if it does not contain an induced subgraph that is isomorphic to one of the eight graphs in Fig. 4.1. (Note that both graphs G_6 and G_7 are not domination perfect graphs, so these 8 graphs do not give a forbidden subgraph characterization of domination perfect graphs).

Topp and Volkmann in [189] generalized the result of Fulman by proving that γ(G) = i(G) for a class of graphs that are characterized in terms of 16 forbidden subgraphs, each of which has order at most 8 and contains as an induced subgraph some of the graphs in Fig. 1. (Note that, in the notation of [189], the graphs H_2 and H_3 are redundant since H_5 contains an induced H_2 and H_6 contains an induced H_3.)

A forbidden subgraph characterization of graphs G such that γ(G) = i(G) is impossible, since adding a new vertex v adjacent to each vertex of any graph H gives a graph G with γ(G) = 1 = i(G).

G_1 G_2 G_3 G_4

u uu u u u_{�JJ �JJ}

u uu u u u_{�@@}

uu u u u_{�HHH�}�H_{HH}

u u u u u u_{�JJJJJ JJJJJææææææZZZZZZ}

G_5 G_6 G_7 G_8

u u u u u u u u u u u u u u u u u u u u u u u u u u u u

@@ @@ @@ @@ � � � � � � � � � � � � JJ JJ J JJ JJ J JJ JJ J JJ JJ J � � � � � QQ QQQ � � QQ QQQ XXXXXX

Figure 4.1

The result of Bollobás and Cockayne in [18] was extended by Zverovich and Zverovich in [199], where it was shown that i(G) ≤ γ(G)(k − 1) − (k − 2) provided G does not contain two induced subgraphs K_{1,k+1} having different centers and an edge in common.

In [63] Fink and Jacobson also generalized the result of Allan and Laskar by considering the more general concepts of k-domination and k-dependence. A set S ⊂ V (G) is kdependent if Δ(⟨S⟩) ≤ k. A set D ⊂ V (G) is k-dominating if every x ∈ V (G) − D has at least k neighbors in D. The k-domination number of G, γ_k (G), is the minimum cardinality of a k-dominating set in G, and the j-dependent-k-domination number i(j, k; G) of G is the minimum cardinality of a j-dependent k-dominating set in G.

Note that i(j, k; G) does not exist for all pairs j, k; but, if it does exists, then γ_k (G) ≤ i(j, k; G). Furthermore, γ(G) = γ_1(G) and i(G) = i(0, 1; G). The following was proved for claw-free graphs. Recall that a paw is a triangle and an edge sharing a vertex, and an hourglass H is two triangles sharing a vertex (see Figure 2d.1).

Theorem 4.4 [63] If G is a claw-free graph, then

(i) if Δ(G) ≥ k, then γ_k (G) < γ_{2k}(G), (ii) i(2k − 2, k; G) = γ_k (G), and (iii) if G is either paw-free or H-free and (H + e)-free, then i(k − 1, k; G) = γ_k (G).

Favaron in [61] proved sufficient conditions for equality of some of the previous parameters in terms of forbidden subgraphs. For example, the following was proved.

Theorem 4.5 [61] If G is claw-free and D-free (deer-free), then ir(G) = i(G).

Denote by L the graph which is obtained by taking two distinct copies of K_4 and by adding three independent edges between these complete graphs. This leads to the following sufficient condition for Γ(G) = IR(G).

Theorem 4.6 [61] If G is claw-free, D-free, and L-free, then Γ(G) = IR(G).

Gernert in [80] determined an upper bound on the domination number γ(G) of a 2-connected claw-free graph G.

Theorem 4.7 [80] If G is 2-connected and claw-free of order n, then γ(G) ≤ ⌈n/3⌉. Also, this bound is sharp, since γ(C_n) = ⌈n/3⌉.

We next consider the relationship between the chromatic number χ(G) and the clique number ω(G) of a claw-free graph G. Sumner in [185] considered the relationship between the chromatic number and the clique number for graphs with certain trees as forbidden subgraphs. In particular the tree K_{1,3} was considered, giving the next result.

Theorem 4.8 [185] If G is claw-free and is not an odd cycle, then χ(G) ≤ [((ω(G))^2 + 1)/2].

Clearly, χ(G) ≥ ω(G) in general, but it is of interest to determine conditions that imply χ(G) = ω(G), or at least χ(G) is close to ω(G). The classical result of Vizing in [191] implies that χ(G) ≤ ω(G) + 1 for any line graph G (recall that line graphs have been characterized in terms of forbidden subgraphs, one being the claw, by Beineke in [14] and more recently improved by Šoltés in [181]). In [37], Choudum extended these results for line graphs by determining a class of graphs defined in terms of forbidden subgraphs (one also being a claw) for which χ(G) ≤ ω(G) + 1, and this result was improved by Javdekar in [108]. Also, in [108] it was conjectured that if G is a claw-free and (K_5 − e)-free graph, then χ(G) ≤ ω(G) + 1.

Kierstead and Schmerl in [116] showed that if G is a graph that is claw-free and (K_5 − e)-free, then χ(G) ≤ ω(G) + 2. They, in fact, showed that if three additional graphs were forbidden as induced subgraphs, then the stronger conclusion that χ(G) ≤ ω(G) + 1 is true. However, Kierstead improved on this result in [114] by proving the following.

Theorem 4.9 [114] If G is claw-free and (K_5 − e)-free, then χ(G) ≤ ω(G) + 1.

If an appropriate restriction is placed on the maximum degree Δ(G) of a claw-free and (K_5 − e)-free graph, then χ(G) = ω(G). This was proved by Kierstead and Schmerl in [117].

Theorem 4.10 [117] If G is claw-free and (K_5 − e)-free with maximum degree at most 2ω(G) − 5, then χ(G) = ω(G).

It should be noted that the previous result is sharp in the sense that for each k ≥ 4 there is a graph G which is claw-free, (K_5 −e)-free and such that ω(G) = k, Δ(G) = 2k −3 and χ(G) = k + 1.

If the forbidden induced subgraph K_5 − e is replaced by the graph K_{2s+3} − e in a claw-free graph, then there is still a restriction on the chromatic number as a function of the clique number. This was proved by Kierstead in [115]. In the following result, R(n, m) denotes the Ramsey number for the pair of complete graphs K_n and K_m.

Theorem 4.11 [115] If G is claw-free and (K_{2s+3} − e)-free, then χ(G) ≤ max{ω(G) + s, R(3, 4s − 1)}. Corollary 4.12 [115] If G is claw-free, (K_{2s+3} − e)-free and ω(G) is sufficiently large, then χ(G) ≤ ω(G) + s. It would be nice to be able to drop the condition that ω(G) is sufficiently large in the previous corollary, but that problem still remains open.

Problem 4.13 [115] Show that if G is claw-free and (K_{2s+3} − e)-free, then χ(G) ≤ ω(G) + s (i.e. even when ω(G) + s < R(3, 4s − 1)).

The result similar to that of Kierstead in [114] was proved by Dhurandhar in [49] by replacing the graph K_5 − e by the graph K_5 − K_{1,2}.

Theorem 4.14 [49] If G is a claw-free and K_5 − K_{1,2}-free graph, then χ(G) ≤ ω(G) + 1.

The independence number α(G) of claw-free graphs has also been investigated. While considering neighborhood union properties in claw-free graphs that imply a graph is hamiltonian, Li and Virlouvet proved in [126] the following result involving the independence number of a graph.

Theorem 4.15 [126] Let G be a claw-free graph of order n. Then for any integer t ≤ α, there exists some independent set H of t vertices in G such that | ∪_{v∈H} N(v)| ≤ t(α(G) − t − 1) α(G)(α(G) − 1) (n − α(G)). For the special case t = 1, this gives the following corollary.

Corollary 4.16 [126] For any claw-free graph G of order n we have δ(G) ≤ 2(n − α(G))/α(G). Also while investigating hamiltonian properties of K_{1,r}-free graphs satisfying degree or neighborhood type conditions, similar results to those of Li and Virlouvet on the independence number of K_{1,r}-free graphs were proved by Faudree, Gould, Jacobson, Lesniak, and Lindquester in [57]. For the neighborhood union of pairs of vertices the following was proved.

Theorem 4.17 [57] If G is a K_{1,r+1}-free graph with (r ≥ 2) such that the cardinality of the neighborhood union of each pair of non-adjacent vertices is at least k, then α(G) ≤ s, where s is the largest solution to ks(s − 1) = r(n − s)(2s − r − 1). The corresponding result for the sum of degrees of independent sets of vertices in K_{1,r}-free graphs is the following condition.

Theorem 4.18 [57] If G is a K_{1,r+1}-free graph such that σ_p = px, for some p with 1 ≤ p ≤ α(G), then α(G) ≤ nr/(x + r). In the special case when p = 1 (i.e. when σ_p(G) = δ(G)), the previous result gives the following corollary.

Corollary 4.19 [57] If G is a K_{1,r+1}-free graph with minimum degree δ, then α(G) ≤ nr/(δ + r).

In the special case of claw-free graphs (i.e., when r = 2 in the three previous results), we have the following three consequences.

Theorem 4.20 [57] If G is a claw-free graph such that the cardinality of the neighborhood union of pairs of non-adjacent vertices is at least k, then α(G) ≤ s, where s is the larger solution to ks(s − 1) = 2(n − s)(2s − 3).

For example, for k = n/3 + c (where c is some small constant) this implies α(G) ≤ 11. Theorem 4.21 [57] If G is a claw-free graph such that σ_p = px, for some p with 1 ≤ p ≤ α(G), then α(G) ≤ 2n/(x + 2).

The next result was also proved independently by Li and Virlouvet in [126]. Corollary 4.22 [57], [126] If G is a claw-free graph with minimum degree δ, then α(G) ≤ 2n/(δ + 2). In [169] Ryjáček and Schiermeyer determined upper bounds on the independence number α(G) for K_{1,r}-free graphs in terms of the number of edges of G, the degree sequence of G, the number of vertices that are the centers of various size claws of G, and the connectivity κ(G) of G. In particular, for the number of edges, the following was proved. Theorem 4.23 [169] Let G be a K_{1,r+1}-free graph (r ≥ 2) having n vertices and m edges. Then α(G) = 1 if m = (^n_2 ), α(G) ≤ 1 2 ( 2n + 2r − 1 − √ 8m + (2r − 1)^2 ) if 0 ≤ m < (^n_2 ).

If the degree sequence of the graph is known, then more can be said about the independence number of the graph.

Theorem 4.24 [169] Let G be a K_{1,r+1}-free graph (r ≥ 2) with degree-sequence d_1 ≤ d_2 ≤ . . . ≤ d_n. Then α(G) ≤ max { k | k + 1 r k∑ i=1 d_i ≤ n } . For the connectivity of G the following was proved.

Theorem 4.25 [169] Let G be a K_{1,r+1}-free graph (r ≥ 2) with connectivity κ. Then α(G) ≤ (r − 1)n − κ + 2 r . In the case of claw-free graph (i.e. when r = 2 in the previous results), we have the following summary result.

Theorem 4.26 [169] Let G be a claw-free graph of order n, size m, connectivity κ and degree-sequence d_1 ≤ d_2 . . . ≤ d_n. Then

(i) α(G) = 1 if m = (_n 2 ) , α(G) ≤^1_2 (2n + 3 − √ 8m + 9) if 0 ≤ m < (_n 2 ) ; (ii) α(G) ≤ max{k | k +^1_2^k ∑ i=1 d_i ≤ n};

(iii) α(G) ≤^1_2 (n − κ + 2).

Any almost claw-free graph is K_{1,5}-free, so the previous results give some bounds on the independence number of an almost claw-free graph. However it was also proved in [169] that the independence number of an almost claw-free graph with minimum degree δ can be at most^2_3 n if δ = 1,^4_7 n if δ = 2 and^{2n}_{δ+1} if δ ≥ 3.

The number of independent sets of vertices in claw-free graphs was investigated by Hamidoune in [90]. Let s_k(G) be the number of independent k-subsets of V (G) in the graph G. Hamidoune proved that the sequence {s_k} is log concave, and thus is unimodal, and he verified the following inequality.

Theorem 4.27 [90] If G is a claw-free graph, then

s^2_k (G) ≥ (1 + 1/k)s_{k+1}(G)s_{k−1}(G) + s_k (G).

The following conjecture also appears in [90].

Conjecture 4.28 [90] If G is a claw-free graph, then

s^2_k(G) ≥ (1 + 1 k )(1 + 1 α(G) − k )s_{k+1}(G)s_{k−1}(G).

Woodall in [193]) introduced the concept of binding number, which is defined as follows: bind(G) = min{|N(S)|/|S|}, where the minimum is taken over all nonempty subsets S ⊂ V (G) such that N(S) ≠ V (G), and where N(S) is the neighborhood of the set S. It was proved by Woodall in [193] that for every graph G of order n, bind(G) ≤ (n−1)/(n−δ(G)).

Goddard showed in [84] that the binding number bind(G) for claw-free graphs G with some conditions on the connectivity and minimum degree could be determined precisely. In particular, the maximum possible value of the binding number determined by Woodall is attained for a large class of claw-free graphs, as the following result indicates.

Theorem 4.29 [84] Let G be a claw-free graph of order n. If the connectivity of G is at least δ − 1 and n ≠ δ + 2, then bind(G) = (n − 1)/(n − δ).

Classical extremal problems such as the determination of Ramsey numbers and Turán numbers can be considered for the family of claw-free graph. This was done by Matthews in [146], where he introduced the concepts of claw-free Ramsey and Turán numbers by adding the restriction that G is claw-free to the obvious definition. That is, the claw-free Ramsey number rc(s, t) is the minimum integer n such that every claw-free graph on n vertices contains K_s or K_t; similarly, the claw-free Turán number tc(n, s) is the minimum integer n such that every claw-free graph having n vertices and tc(n, s) edges contains K_s. The next two theorems summarize the results obtained by Matthews on the extremal numbers rc(s, t) and tc(n, s).

Theorem 4.30 [146]

(i) rc(s, t) ≤ r(s, t), (ii) rc(s, t) ≤ rc(s − 1, 3) + rc(s, t − 1),

(iii) rc(3, t) = (5t − 3)/2, (iv) rc(s, 3) = r(s, 3),

(v) 6t − 9 ≥ rc(4, t) ≥ { 4t − 3 if n ≡ 1 (mod 3), 4t − 4 otherwise.

Theorem 4.31 [146]

(i) tc(n, 3) = n + 1 for n > 3,

(ii) tc(12k + r, 4) =

30k + 1 for r = 0, 1, 30k + 2 for r = 2, 30k + 3r − 5 for r = 3, . . . , 10, 30k + 26 for r = 11, except tc(4, 4) = 6 and tc(5, 4) = 9, (iii) tc(n, s) ≤ (n/2)[r(s − 1, 3) − 1].

5. ALGORITHMIC ASPECTS

As noted in the introduction, it is obvious that claw-freeness in a given graph can be tested in a polynomial time with complexity at most O(n^4), since it is sufficient to consider only all subgraphs induced by 4 vertices. However, Alon and Boppana [5], in the context of boolean functions, point out that the recognition of a claw-free graph can be done in time O(n^{3.5}).

Theorem 5.1 [5] There is a algorithm for the recognition of a claw-free graph that can be done in time O(n^{3.5}).

If some additional assumptions are made, this bound can be lowered. For example, Fouquet in [76] gets an easy algorithm to recognize a connected claw-free, W_5-free graph with independence number at least 3, where W_5 denotes the wheel with 5 spokes.

Theorem 5.2 [76] There is a O(n^3)-algorithm to recognize a connected claw-free, W_5-free graph G with α(G) ≥ 3.

We are now interested in determining for which problems the complexity of some algorithms is improved (that is lowered) when dealing with a claw-free graph. Some Results of this type can found in a survey article by Johnson in [109].

NP-Complete

Some problems that are NP-complete in general graphs still remain NP-complete for the family of claw-free graphs. This is the case of the determination of domination number γ(G), which was proved by Hedetniemi and Laskar in [94].

Theorem 5.3 [94] The determination of the domination number γ(G) of a claw-free graph is NP-complete.

The computation of the chromatic number χ(G) of a claw-free graph G is NP-complete, since it is even true for line graphs. This follows since a vertex coloring in L(G) corresponds to an edge coloring in G, and determination of the edge chromatic number is NP-complete.

The maximum clique problem, although polynomial for line graphs (see the survey article by Johnson [109], remains NP-complete for claw-free graphs since the maximum independent set problem is NP-complete in triangle-free graphs (see Poljak [160]).

Theorem 5.4 [160] The determination of the maximum independent set is NP-complete for triangle-free graphs, and so the maximal clique problem is NP-complete for claw-free graphs.

Bertossi in [17] proved that the complexity of hamiltonian problems is not improved for the class of claw-free, and in fact not even for line graphs.

Theorem 5.5 [17] Recognizing hamiltonian line graphs (and hence also recognizing hamiltonian claw-free graphs) is an NP-complete problem.

However, there are some polynomial algorithms concerning cycle and path problems in some subclasses of claw-free graphs defined by additional forbidden subgraphs. Zhang considered extending cycles in connected, locally connected, and claw-free graphs in [197] and proved the following.

Theorem 5.6 [197] There is a polynomial algorithm for constructing a cycle C^′ of length |V (C)|+1 for any cycle C of length < n in a connected, locally connected claw-free graph.

In [177] Shepherd considered algorithms for finding paths and cycles in CN-free graphs, and proved the following.

Theorem 5.7 [177] There is an O(n^6)-algorithm for finding a hamiltonian path (respectively hamiltonian cycle) in a connected (respectively 2-connected) CN-free graph.

Polynomial

Some problems which were NP-complete in general graphs become polynomial in claw-free graphs. The most well-known of them is the determination of the independence number. Results of this type are detailed below.

Independence Number.

Three different approaches have been taken in producing polynomial algorithms for determining the independence number α(G) of a graph G. An important result underlying two of the approaches is due to Edmonds in [51], where he exhibited a polynomial algorithm for finding a maximal matching in a graph. A key idea that was used in [51] was the notion of an augmenting path, which is, given a matching M, a path whose edges are alternately in M and E(G) − M, and whose end vertices are not incident to any edge of M.

When going to the line graph of a graph, a maximum matching is transformed into a maximum independent set. Using this idea Sbihi in [172] gives a polynomial algorithm for finding a maximum independent set in a claw-free graph, and Minty, in [151], describes a different but also polynomial algorithm to find an independent set with maximum weight in a weighted claw-free graph.

Theorem 5.8 [172], [151] There is a polynomial algorithm to find an independent set of maximum weight in a weighted claw-free graph, and so there is a polynomial algorithm to determine α(G).

Both of these algorithms use the idea of augmenting path defined as follows. For a given independent set S in G, a path P is generated whose vertices are alternately in S and G − S, V (P ) ∩ V (G − S) is an independent set, and the endvertices of P are in G − S and have no neighbors in S that are not in P .

The second approach is to use directly the result of Edmonds in [51], which clearly implies that finding a maximum independent set in the line graph of a graph is polynomial. Lovász and Plummer ([142], pages 479-480) define a reduction procedure which is a sequence of transformations such that at each step the independence number is decreased by either one or two, and the final graph is a line graph. They also remark that the resulting algorithm can be implemented with complexity O(n^4).

Using techniques analogous to those of Lovász and Plummer, the existence of a polynomial algorithm for the determination of the independence number was verified for some superclasses of claw-free graphs. De Simone and Sassano in [47] considered the class of bull-free and chair-free graphs (where the chair is a graph which is obtained from the claw by subdividing one of the edges), and proved the following.

Theorem 5.9 [47] There exists a polynomial algorithm that determines the independence number α(G) of a bull-free and chair-free graph G.

Using analogous techniques that were developed independently, Hammer, Mahadev, and de Werra also gave sharper polynomial algorithms for the determination of the independence number for special subclasses of claw-free graphs determined by additional forbidden subgraphs. They considered CAN-free graphs in [91] and later CN-free graphs in [92], and proved the next two results.

Theorem 5.10 [91] There is an O(n^3)-algorithm for determining the independence number in CAN-free graphs.

Theorem 5.11 [91] There is an O(n^3)-algorithm for determining the independence number in CN-free graphs.

More recently in [97] Hertz and de Werra exhibited an infinite set of forbidden graphs that characterize a class of graphs for which there exists a polynomial algorithm to determine the independence number of the graph.

Theorem 5.12 [97] There is polynomial algorithm that determines the independence number α for the class of graphs characterized by the infinite set of forbidden subgraphs (k ≥ 0) in Fig. 5.1.

Finally, Giles and Trotter in [82] study the independence number problem as a maximization problem of a linear function on independent set polyhedra associated with claw-free graphs.

Perfect Graphs.

u u u uuu u. . ._��^�_{@@@}@^{@@}_{0 1 2k 2k+1} u u u uu u. . ._{0 1 2k 2k+1}

Figure 5.1

Perfect graphs are another class of graphs for which an NP-complete problem becomes polynomial in the presence of claw-freeness. First let us recall some definitions, results, and conjectures. Let θ(G) be the minimum number of cliques to cover the vertices of G. Recall that a graph G is said to be perfect if it satisfies one of the following three equivalent properties:

(i) For every induced subgraph H of G , χ(H) = ω(H) (ii) For every induced subgraph H of G , θ(H) = α(H) (iii) For every induced subgraph H of G, ω(H)α(H) ≥ |V (H)|.

Also, recall from the introduction that an odd hole (respectively antihole) in a graph G is an induced subgraph of G which is isomorphic to a chordless cycle of odd length (respectively its complement). Berge’s strong perfect graph conjecture states the following.

Conjecture 5.13 (Strong Perfect Graph) A graph is perfect if and only if it does not contain odd holes nor odd antiholes with at least 5 vertices.

Parthasarathy and Ravindra in [158] proved that claw-free graphs satisfy the strong perfect graph conjecture, and subsequently an alternative proof was given by Giles and Trotter in [82] and Giles, Trotter and Tucker in [83].

Theorem 5.14 [158], [82], and [83] Claw-free graphs satisfy the strong perfect graph conjecture.

A graph G is critically imperfect if G is not perfect but each proper induced sugbraph of G is perfect. In [158] the strong perfect graph conjecture was restated using the concept of critically imperfect and Theorem 5.14.

Conjecture 5.15 [158] No critically imperfect graph contains an induced claw.

A related result is one of Olariu concerning the superclass of the k-pan-free graphs. The k-pan is obtained from a chordless cycle C_k, (k ≥ 4), by adding a new vertex x and precisely one edge between x and the cycle C_k. Clearly, every claw-free graph is pan-free but not conversely. In [157], Olariu proved the following for pan-free graphs

Theorem 5.16 [157] Pan-free graphs satisfy the strong perfect graph conjecture.

The problem of the recognition of non-perfect graphs is known to be in NP (see [109]. If making the additional assumption of claw-freeness, Chvátal and Sbihi in [43] get a polynomial algorithm for the recognition of claw-free perfect graphs. Using the Ben Rebea Lemma (If G is a connected claw-free graph with α(G) ≥ 3, and if G contains an odd antihole, then it contains a hole of length five.), they proved the following.

Theorem 5.17 [43] There is a polynomial algorithm for recognizing claw-free perfect graphs.

When one restricts consideration to just the subclass of the claw-free perfect graphs, several problem which were NP-complete even for claw-free graphs become polynomial. Hsu in [98] and jointly Hsu and Nemhauser in [99], [100], and [101] observed that for any vertex u in a claw-free perfect graph G the complement of the subgraph of G induced on N(u) is bipartite, and used this to prove the existence of polynomial algorithms. In particular, the following was proved.

Theorem 5.18 [98] There is an O(n^4)-algorithm for determining the chromatic number χ(G) (minimum vertex coloring) of a claw-free perfect graph G.

Theorem 5.19 [99]

i) There is an O(n^{5.5})-algorithm for determining a minimum clique cover in a claw-free perfect graph.

ii) There is an O(n^{3.5})-algorithm for determining a maximum clique in a claw-free perfect graph.

Theorem 5.20 [100] There is a polynomial algorithm for determining a minimum weighted clique cover in a weighted claw-free perfect graph.

Using combinatorial arguments different algorithms were described by Hsu and Nemhauser in [101] to verify the following.

Theorem 5.21 [101] There is a polynomial algorithm (O(n^4)) for determining a maximum weighted clique and a minimum weighted clique cover in a weighted claw-free perfect graph. Also, there is a polynomial algorithm for determining a minimum cardinality vertex coloring in a claw-free perfect graph.

Breadth first search tree.

In [147], Matthews made the following observation about the breadth first search tree (BFS-tree) in a claw-free graph.

Lemma 5.22 [147] If u is an interior node in a BFS-tree in a claw-free graph with children c_1, c_2, ..., c_k, then the subgraph induced in G by c_1, c_2, ..., c_k is a complete graph.

Using this observation Sumner gave efficient algorithms for finding perfect matchings in connected claw-free graphs and hamiltonian cycles in the square of a claw-free graph.

Theorem 5.23 [147]. Let G be a claw-free graph with m edges.

i) There is an O(m)-algorithm for finding a perfect matching in G, and ii) an O(m)-algorithm for finding a hamiltonian cycle in the square G^2 of G.

This algorithm in Theorem 5.23 can be modified to provide an algorithm for finding a cycle of any length i, 3 ≤ i ≤ n, containing any specified vertex.

6. MISCELLANEOUS

Ellingham, Pyber and Yu [53] proved that the edge reconstruction conjecture is true in the class of claw-free graphs, (i.e., every claw-free graph with at least four edges is uniquely determined by the collection of its edge-deleted subgraphs).

Krasikov [119] extended the result of Ellingham, Pyber and Yu [53] to K_{1,r}-free graphs:

Theorem 6.1 [119] Let G be a K_{1,r}-free graph which is not edge reconstructible. Then Δ(G) = O(r(log r)^{1/2}).

Corollary 6.2 [119] If c is a sufficiently large constant, then every K_{1,r}-free graph with average degree > 2 log r + log log r + c is edge reconstructible.

Posa proved that, for n ≥ 6, every graph with m ≥ 3n − 6 contains two (vertex) disjoint cycles and every graph with m ≥ n + 4 contains two edge disjoint cycles; these results are sharp. Matthews [146] improved the first result and showed that the second one cannot be improved in the case of claw-free graphs.

Theorem 6.3 [146] If G is a claw-free graph with m ≥ n + 6, then G contains at least two disjoint cycles and this bound is sharp.

Markus [143] extended this result as follows.

Theorem 6.4 [143] Let G be a claw-free graph and let k ≥ 1. If m ≥ n + (3k − 1)(3k − 4)/2 + 1, then G contains k disjoint cycles and this bound is sharp.

For K_{1,r}-free graphs, Markus and Snevily [145] obtained the following extension.

Theorem 6.5 [145] If G is a K_{1,r}-free graph with r ≥ 4 and m ≥ n + 2r − 1, then G contains at least 2 disjoint cycles and this bound is sharp.

Paulraja in [159] proved that if G is a connected claw-free graph such that every edge of G lies on a cycle C_k of length k ≤ 5, then G has a spanning eulerian subgraph.

In [136] Liu Yiping proved that if G is a 2-connected claw-free graph with δ ≤ (n−5)/2, then G contains a cycle with at least δ(δ − 1) diagonals.

Galeana-Sánchez [79] showed that if G is a digraph which is obtained as an orientation of a claw-free graph such that each of its oriented cycles of length at least 5 has 2 diagonals, then G has a kernel.

Knor, Niepel and Šoltés [118] studied centers and peripheries in line graphs. They proved, among others, that every line graph is a center of some line graph. The paper is concluded with the following conjecture.

Conjecture 6.6 [118] Every claw-free graph is a center of some claw-free graph.

G is said to be perfectly orderable if V (G) admits a linear order < such that no induced path with vertices a, b, c, d and edges ab, bc, cd has a < b and d < c. In connection with characterization of totally balanced (0,1)-matrices, Chvátal [41] characterized perfectly orderable claw-free graphs in terms of nine well-described infinite families of forbidden induced subgraphs.

Recall that G is said to be k-extendable if every matching of size k in G is a subset of a perfect matching, and G is bicritical if ⟨V (G) − {u, v}⟩ has a perfect matching for every u, v ∈ V (G). Plummer [161] characterized all maximal planar claw-free graphs and, from this, he obtained the following:

Theorem 6.7 [161] If G is a maximal planar claw-free graph with |V (G)| ≥ 4 then G is panconnected and, if G is even, then G is bicritical. Moreover, G is not 2-extendable unless G is the icosahedron.

In [163], Plummer studied the structure of claw-free regular graphs with higher connectivities and he proved the following.

Theorem 6.8 [163] A graph G is cubic, 3-connected and claw-free if and only if G = K_4, G = C_3 × K_2, or G is the 3-inflation of a cubic 3-connected graph H.

Theorem 6.9 [163] If G is a 4-connected 4-regular claw-free graph and G contains a K_4, then either G = K_5 or V (G) can be partitioned into disjoint sets of four vertices such that each four-vertex set induces a K_4 in G.

Recently, Nebeský (personal communication) obtained the following result.

Theorem 6.10 Let G be a 2-connected claw-free graph such that every edge of G is on a cycle of length at least 5, and let P be a partition of V (G) such that, for every X ∈ P, |X| ≥ 2 and ⟨X⟩ is connected. Denote by E_P the set of all edges of G which have vertices in different sets from P. Then |E_P | ≥ 2(|P| − 1). From this, Nebeský obtains the following corollary.

Corollary 6.11 Let G be a 2-connected claw-free graph such that every edge of G is on a cycle of length at most 5. Then G is upper embeddable.

7. APPENDIX

List of all 2-connected nonhamiltonian claw-free graphs on n ≤ 12 vertices^1

n: number of vertices (i): number of nonisomorphic connected claw-free graphs (ii): number of nonisomorphic 2-connected claw-free graphs (iii): number of nonisomorphic 2-connected nonhamiltonian claw-free graphs n (i) (ii) (iii) 1 1 0 0 2 1 0 0 3 2 1 0 4 5 3 0 5 14 8 0 6 50 32 0 7 191 126 0 8 881 619 0 9 4 494 3 332 4 10 26 389 20 910 16 11 184 749 157 721 84 12 1 728 403 1 590 329 408 All 2-connected nonhamiltonian claw-free graphs on n ≤ 12 vertices can be obtained (up to isomorphism) by the following construction.

1. Take three (not necessarily distinct) vertex-disjoint copies H_1, H_2, H_3 of some of the graphs in Fig. 7.2 and denote by H^1_j , H^2_j the two cliques induced by the doublecircled vertices of H_j , j = 1, 2, 3.

2. Take two vertex disjoint graphs L_t, L_b on at least 3 vertices such that either a) both are complete graphs or b) one of them is complete and the other is isomorphic to L_1 or to L_2 in Fig. 7.3. 3. For each H_j , identify H^1_j and H^2_j with some subclique in L_t and L_b or a one-element H^k_j with a double-circled vertex in L_i in the case 2b, respectively.

Orders of H_j and L_i must be chosen and the identification must be done such that H_1, H_2, H_2 remain vertex disjoint and the resulting graph has at most 12 vertices (see Fig. 7.1). ˚¯ ˇ̆ ˚¯ ˇ̆ œ æ ¸ ß œ æ ¸ ß œ æ ¸ ß^{H1 H2 H3}

H^1_1 H^1_2 H^1_3

H^2_1 H^2_2 H^2_3 L_b

L_t

Figure 7.1

1Authors’ thanks for this chapter are to O. Zýka, Charles University, Prague, for providing computer search, and to J. Brousek, University of West Bohemia, Pilsen, for checking all the possible cases.

sf sfs sf sf s_{AAA �} � sf sf s sf sfs s_{@@�} sf sfs s_{�AA} A AA A � � sf sfs s_{�AA} A AA A � � sf sf sf s^{�AAA} sf sf sf ss^{�AAA} @@_� sf sf sfsf s^{�@@ �AAA} sf sf sfsf ss^{�@@ �AAA} @@_� sf sf s sf sf s ss^{@@}� sf sf s s^{@@�} sf sf ss s@@_�^{@@�} sf sf ss s@@_�^{@@�} sf sfs s s�_{@@} @@_� sf sfs s s�_{@@} @@_� sf sfs s s^�@@AA_A^{AAA}�_� sf sfs s s^�@@AA_A^{AAA}�_� sf sf s s_��^�_��^{BBB}B^{@@@} sf sf s s_BBB^B_{@@ �}�^{� �}�^{HHH AAA}�^� sf sf sf s^{�@@} sf sf sf s ss^{�@@ @@}� sf sf sf ss^{�@@} @@_� sf sf sfs s s^{�AAA} @@�_{�@@} sf sf sfs s s^{�AAA} @@�_{�@@} sf sf sf s^{�AAA �@@} sf sf sf ss^{�AAA �@@}_�@@ sf sf sf s^{�@@AAA} sf sf sf ss^{�@@AAA} @@_� sf sf s s sf sf s s@@_� sf sf s s s_{@@�} sf sf s ss s_{@@�}^{@@�} sf sf s ss s_{@@�}@@_� sf sf s ss s_{@@�}@@_� sf sf s ss^{AA}A^��_{�AAA �@@} sf sf s ss^{AA}A^��_{�AAA �@@} sf sf s ss^{AA}A^��_{�AAA} @@� sf sfs s s^{@@@BBB}B_��_��^� sf sfs ss^{@@BBB}B_��^�AA_A^HHH sf sf s ss_{@@}�_�@@ sf sf s ss_{@@}�_�@@ sf sf s ss s_{@@}�_�@@^{@@�} sf sf s ss s_{@@}�_�@@^{@@�} sf sf ss s@@ �^{� @@} sf sf ss s@@ �^{� @@} sf sf ss sAA_A^{�H}HH^�_��^�_��^{BBB}B^{@@@} sf sf ss sAA_A^{�H}HH^�_��^�_��^{BBB}B^{@@@} sf sfs s ss_��^�@@^{@@@} sf sfs s ss_��^�@@^{@@@} sf sf s s_��^{�@@BBB}B sf sf s s_��^{�@@} �^{�BBB}B sf sf s s_��^{�@@} �^{�AA}A^{BBB}B sf sf ss s_AAA_��^{� AAA�}@@^{@@}� sf sf ss s_AAA_��^{� AAA�}@@^{@@}� sf sfss s s_{@@ �}�_��_{@AAA �}@@ sf sfs s s_{@@ �}� @@ sf sfs s s_{@@�}� @@ sf sfs s s_{@@�@@@}� @@ sf sfs s s_{@@�@@@}� @@_� sf sfs s s_{@@�@@@}� @@_{�BBBB} sf sfs s s_{@@�@@@}� @@_{�BBBB} BB_{BB} sf sfs s s_{@@�@@@}� @@_{�BBBB} BB_{BB}�_� sf sfs s s_{@@�@@@}� @@_{�BBBB} BB_{BB}�_�

Figure 7.2: List of all possible graphs H_j (j = 1, 2, 3)

tgtg tg t tt_{PPPPPPPP ıııııııı@@@@@ �} � �‘‘‘‘‘‘‘‘‘‘‘ ‘‘ ¸¸¸¸¸ @ @@ XXXXX

L_1: tg tg tg t ttH_{HHHH}�_{� �}�_{HHHHHHHHH}HH_{L2:}

Figure 7.3: The graphs L_i (i = 1, 2)

References

[1] Ainouche, A.: Hamiltonian and traceable claw-free graphs. Preprint

[2] Ainouche, A.; Broersma, H.J.; Veldman, H.J.: Remarks on hamiltonian properties of claw-free graphs. Ars Combin. 29C(1990) 110-121

[3] Akiyama, J.; Kano, M.: Factors and factorizations of graphs - a survey. J. Graph Theory 9(1985) 1-42

[4] Allan, R.B.; Laskar, R.: On domination and independent domination numbers of a graph. Discrete Math. 23(1978) 73-76

[5] Alon, N.; Boppana, R.B.: The monotone circuit complexity of boolean functions.

Combinatorica 7(1987) 1-22

[6] Ambartsumian, O.A.; Asratian, A.S.; Sarkisian, G.V.: Some local conditions of hamiltonicity and pancyclicity of a graph (Russian). Dokl. Akad. Nauk Armenii 91(1990) 19-22

[7] Asratian, A.S.; Broersma, H.J.; Van den Heuvel, J.; Veldman, H.J.: On graphs satisfying a local Ore-type condition. Preprint

[8] Asratian, A.S.; Khachatrian, N.K.: Some localization theorems on hamiltonian circuits. J. Combin. Theory Ser. B 49(1990) 287-294

[9] Balakrishnan, R.; Paulraja, P.: Chordal graphs and some of their derived graphs.

Congr. Numer. 53(1986) 71-74

[10] Barraez, D.; Flandrin, E.; Li, Hao; Ordaz, O.: Dominating cycles in bipartite biclawfree graphs. Rapport de Recherche L.R.I. No. 682, Univ. de Paris-Sud, Orsay, 1991

[11] Bauer, D.; Fan, G; Veldman, H.J.: Hamilton properties of graphs with large neighborhood unions. Discrete Math. 96(1991) 33-49

[12] Bedrossian, P.: Forbidden sugraph and minimum degree conditions for hamiltonicity. Thesis, Memphis State University, U.S.A., 1991

[13] Bedrossian, P.; Chen, G.; Schelp, R.H.: A generalization of Fan’s condition for hamiltonicity, pancyclicity and hamiltonian connectedness. Discrete Math. 115(1993) 39-50

[14] Beineke, L.W.: Derived graphs and digraphs. Beiträge zur Graphentheorie, Teubner, Leipzig, 1968

[15] Beineke, L.W.: Characterizations of derived graphs. J. Combin. Theory Ser. B 9(1970) 129-135

[16] Ben Rebea, A: Etude des stables dans les graphes quasi adjoints. Thèse, Université de Grenoble, 1981

[17] Bertossi, A.A.: The edge hamiltonian path problem is NP-complete. Inform. Process. Lett. 13(1981) 157-159

[18] Bollobás, B.; Cockayne, E.J.: Graph-theoretic parameters concerning domination, independence and irredundance. J. Graph Theory 3(1979) 241-249 [19] Bondy, J. A.: Basic Graph Theory: Paths and Circuits. Preprint, 1992 [20] Bondy, J. A.; Murty, U.S.R.: Graph theory with applications. Macmillan, London and Elsevier, New York, 1976 [21] Broersma, H.J.: Sufficient conditions for hamiltonicity and traceability of K_{1,3}-free graphs. Preprint, 1986 (unpublished) [22] Broersma, H.J.: Subgraph conditions for dominating circuits in graphs and pancyclicity of line graphs. Ars Combin. 23(1987) 5-12 [23] Broersma, H.J.: Hamilton cycles and related topics. Doctoral thesis, Univ. of Twente, Enschede, 1988 [24] Broersma, H.J.; Van den Heuvel, J.; Jung, H.A.; Veldman, H.J.: Long paths and cycles in tough graphs. Graphs Combin. 9(1993) 3-17 [25] Broersma, H.J; Lu, M.: Cycles through particular subgraphs of claw-free graphs.

Memorandum 1097, Univ. of Twente, Enschede, 1992 [26] Broersma, H.J.; Ryjáček, Z; Schiermeyer, I.: Toughness and hamiltonicity in almost claw-free graphs. Memorandum 1114, Univ. of Twente, Enschede, 1993 [27] Broersma, H.J.; Ryjáček, Z; Schiermeyer, I.: Unifying results on hamiltonian clawfree graphs. Preprint, University of West Bohemia, Pilsen, 1994 [28] Broersma, H.J.; Veldman, H.J.: 3-connected line graphs of triangular graphs are panconnected and 1-hamiltonian. J. Graph Theory 11(1987) 399-407 [29] Broersma, H.J.; Veldman, H.J.: Restrictions on induced subgraphs ensuring hamiltonicity or pancyclicity of K_{1,3}-free graphs. Contemporary methods in Graph Theory (R. Bodendiek), BI-Wiss.-Verl., Mannheim-Wien-Zürich, 1990, 181-194 [30] Broersma. H.J.: A note on K_4-closures in hamiltonian graph theory. Discrete Math.

121(1993) 19-23 [31] Chartrand, G.; Gould, R.J.; Polimeni, A.D.: A note on locally connected and hamiltonian-connected graphs. Israel J. Math. 33(1979) 5-8 [32] Chartrand, G.; Polimeni, A.D.; Stewart, M.J.: The existence of 1-factors in line graphs, squares, and total graphs. Indag. Math. 35(1973) 228-232 [33] Chen, G.; Schelp, R.H.: Hamiltonicity for K_{1,r}-free graphs. Preprint [34] Chen, Yufu; Li, Guojun; Liu, Zhenhong: Hamilton property on 2-order neighbour connected K_{1,3}-free graphs. Preprint [35] Chen, Ziqi; Xue, Yaofang: Hamilton cycle and dominating cycle in k-connected claw-free graphs. Nei Mongol Daxue Xuebao Ziran Kexue 22(1991) 473-476

[36] Chen, Ziqi; Xue, Yaofang: Extendable cycles in N_2-locally connected claw-free graphs (Chinese, English summary). J. Nanjing Univ. Natur. Sci., Spec. Issue on Graph Theory, Vol. 27 (1991) 38-42

[37] Choudum, S.A.: Chromatic bounds for a class of graphs. Quart J. Math. Oxford Ser. (2) 28(1977) 257-270

[38] Choudum, S.A.; Paulraj, M.S.: Regular factors in K_{1,3}-free graphs. J. Graph Theory 15(1991) 259-265

[39] Chung, F.R.K.; Graham, R.L.: On graphs not containing prescribed induced subgraphs. A tribute to Paul Erdős 97-104, Cambridge Univ. Press, Cambridge, 1990

[40] Chvátal, V.: Tough graphs and hamiltonian circuits. Discrete Math. 5(1973) 215- 228 [41] Chvátal, V.: Which claw-free graphs are perfectly orderable? Discrete Appl. Math.

44(1993) 39-63

[42] Chvátal, V.; Erdős, P.: A note on hamiltonian circuits. Discrete Math. 2(1972), 111-135

[43] Chvátal, V.; Sbihi, N.: Recognizing claw-free perfect graphs. J. Combin. Theory Ser. B 44(1988) 154-176

[44] Clark, L.: Hamiltonian properties of connected locally connected graphs. Congr.

Numer. 32(1981) 199-204

[45] Dang, Kaiqian: Circumferences of k-regular 2-connected K_{1,3}-free graphs (Chinese, English summary). J. Northeast. Univ. Tech. 12(1991) 303-3-7

[46] Dang, Kaiqian: Circumference of a K_{1,3}-free graph and D.R. Woodall’s conjecture (Chinese). J. Nanjing Univ. Nat. Sci., Spec. Issue on Graph Theory, Vol. 27 (1991) 93-97

[47] De Simone, C.; Sassano, A.: Stability number of bull-and chair-free graphs. Discrete Appl. Math. 41 (1993), 121-129

[48] Diny, D.A.; Harary, F.; McMorris, F.R.: A survey of results on a graph with specified hereditary properties. Ars Combin. 20B(1985) 193-205

[49] Dhurandhar, M.: On the chromatic number of a graph with two forbidden subgraphs. J. Combin. Theory Ser. B 46(1989) 1-6

[50] Duffus, D.; Jacobson, M.S.; Gould, R.J.: Forbidden subgraphs and the hamiltonian theme. The theory and applications of graphs. (Kalamazoo, Mich. 1980), Wiley, New York, 1981 297-316

[51] Edmonds, J.: Paths, Trees, and Flowers. Canad. J. Math. 17(1965) 449-467

[52] Egawa, Y.; Ota, K.: Regular factors in K_{1,n}-free graphs. J. Graph Theory 15(1991) 337-344

[53] Ellingham, M.N.; Pyber, L.; Yu, X.: Claw-free graphs are edge-reconstructible. J.

Graph Theory 12(1988) 445-451

[54] Faudree, R.J.; Gould, R.J.; Lindquester, T.E.: Hamiltonian properties and adjacency conditions in K(1, 3)-free graphs. Proc. of the 6th Int. Conf. on Theory and Applications of Graphs, Kalamazoo, 1988; Graph Theory, Combin. Appl. 1(1991) 467-479

[55] Faudree, R.J.; Gould, R.J.; Lesniak, L.M.; Lindquester, T.E.: Generalized degree conditions for graphs with bounded independence number. Preprint, 1993

[56] Faudree, R.J.; Gould, R.J.; Jacobson, M.S.; Lesniak, L.M.; Degree Conditions and Cycle Extendability. Preprint, 1993

[57] Faudree, R.J.; Gould, R.J.; Jacobson, M.S.; Lesniak, L.M.; Lindquester, T.E.: On independent generalized degrees and independence numbers in K(1, m)-free graphs. Discrete Math. 103(1992) 17-24

[58] Faudree, R.J.; Gould, R.J.; Jacobson, M.S.; Lesniak, L.M.; Lindquester, T.E.: A generalization of Dirac’s theorem for K(1, 3)-free graphs. Periodica Math. Hungar. 24(1)(1992) 35-50

[59] Faudree, R.; Ryjáček, Z.; Schiermeyer, I.: Forbidden subgraphs and cycle extendability. Preprint, University of West Bohemia, Pilsen, 1994

[60] Faudree, R.; Ryjáček, Z.; Schiermeyer, I.: Local connectivity and cycle extension in claw-free graphs. Preprint, University of West Bohemia, Pilsen, 1994

[61] Favaron, O.: Stability, domination and irredundance in a graph. J. Graph Theory 10(1986) 429-438

[62] Favaron, O.; Flandrin, E.; Li, Hao; Ryjáček, Z.: Shortest walks in almost claw-free graphs. Rapport de Recherche L.R.I. No 809, Univ. Paris-Sud, Orsay, 1993

[63] Fink, J.F.; Jacobson, M.S.: On n-domination, n-dependence and forbidden subgraphs. Graph theory with applications to algorithms and computer science (Kalamazoo, Mich., 1984) 301-311, Wiley-Intersci. Publ., Wiley, New York, 1985

[64] Flandrin, E.: Cycles hamiltoniens et dominants dans le carré d’un graphe connexe.

Rapport L.R.I. No. 208, Univ. Paris-Sud, Orsay, 1985

[65] Flandrin, E.: Graphes sans K_{1,3} et problèmes annexes, Thèse de Doctorat d’Etat, Université Paris-Sud, 1990

[66] Flandrin, E.; Fouquet, J.L.; Li, Hao: On hamiltonian claw-free graphs. Discrete Math. 111 (1993) 221-229

[67] Flandrin, E.; Fouquet, J.L.; Li, Hao: Hamiltonism in bipartite biclaw-free graphs.

Rapport de Recherche L.R.I. No 693, Univ. Paris-Sud, Orsay, 1991

[68] Flandrin, E.; Fournier, I.; Germa, A.: Pancyclism in K_{1,3}-free graphs. Rapport de Recherche L.R.I. No. 282, Univ. Paris-Sud, Orsay, 1986

[69] Flandrin, E.; Fournier, I.; Germa, A.: Circumference and hamiltonism in K_{1,3}-free graphs. Graph Theory in memory of G.A. Dirac (Sandbjerg, 1985), Ann. Discrete Math. 41, 131-140, North-Holland, Amsterdam - New York 1989 [70] Flandrin, E.; Jung, H.A.; Li, Hao: Hamiltonism, degree sum and neighborhood intersections. Discrete Math. 90(1991) 41-52 [71] Flandrin, E.; Li, Hao: Further result on neighbourhood intersections. Rapport de Recherche L.R.I. No. 416, Univ. Paris-Sud, Orsay, 1988 [72] Flandrin, E.; Li, Hao: Chvátal-Erdős condition in 3-connected claw-free graphs.

Rapport de Recherche L.R.I. No. 500, Univ. Paris-Sud, Orsay, 1989 [73] Flandrin, E.; Li, Hao: Mengerian properties, hamiltonism and claw-free graphs.

Rapport de Recherche L.R.I. No 534, Univ. Paris-Sud, Orsay, 1989 [74] Flandrin, E.; Li, Hao: Hamiltonism and claws. Ars Combin. 29C(1990) 77-89 [75] Flandrin, E.; Li, Hao; Schiermeyer, I.: Hamiltonism and vertices with a common neighbor. Rapport de Recherche L.R.I. No 690, Univ. Paris-Sud, Orsay, 1991 [76] Fouquet, J.L.: A strengthening of Ben Rebea’s lemma. J. Combin. Theory Ser. B 59(1993) 35-40 [77] Fraisse, P.: A new sufficient condition for hamiltonian graphs. J. Graph Theory 10(1986) 405-409 [78] Fulman, J.: A note on the characterization of domination perfect graphs. J. Graph Theory 17 (1993) 47-51 [79] Galeana-Sánchez, H.: On claw-free M-oriented kernel-imperfect graphs. Preprint, 1992 [80] Gernert, D.: Forbidden and unavoidable subgraphs. Ars Combin. 27(1989) 165-176 [81] Gilmore P. C.; Hoffman A.J.: A characterization of comparability graphs. Canad.

J. Math. 16(1964) 539-548 [82] Giles, R.; Trotter, L.E.: On stable set polyhedra for K_{1,3}-free graphs. J. Combin.

Theory Ser. B 31(1981) 313-326 [83] Giles, R.; Trotter, L.E.; Tucker, A.: The strong perfect graph theorem for a class of partitionable graphs. Ann. Discrete Math. 21(1984) 161-167 [84] Goddard, W.: The binding number of trees and K(1, 3)-free graphs. J. Combin.

Math. Combin. Comput. 7(1990) 193-200 [85] Goodman, S.; Hedetniemi, S.: Sufficient conditions for a graph to be hamiltonian.

J. Combin. Theory Ser. B 16(1974) 175-180 [86] Gould, R.J.: Traceability in graphs. Doctoral thesis, Western Michigan University, 1979

[87] Gould, R.J.: Updating the Hamiltonian problem - a survey. J. Graph Theory 15(1991) 121-157

[88] Gould, R.J.; Jacobson, M.S.: Forbidden subgraphs and hamiltonian properties of graphs. Discrete Math. 42(1982) 189-196

[89] Gould, R.J.; Jacobson, M.S.: Forbidden subgraphs and Hamiltonian properties in the square of a connected graph. J. Graph Theory 8(1984) 147-154

[90] Hamidoune, Y.O.: On the numbers of independent k-sets in a claw-free graph. J.

Combin. Theory Ser. B 50(1990) 241-244

[91] Hammer, P.L.; Mahadev, N.V.R.; de Werra, D.: Stability in CAN-free graphs. J.

Combin. Theory Ser. B 38(1985) 23-30

[92] Hammer, P.L.; Mahadev, N.V.R.; de Werra, D.: The struction of a graph: application to CN-free graphs. Combinatorica 5(2)(1985) 141-147

[93] Harary, F.; Schwenk, A.: Trees with hamiltonian square. Mathematika 18(1971) 138-140

[94] Hedetniemi, S.T.; Laskar, R.: Recent results and open problems in domination theory. Applications of discrete mathematics (Clemson, SC, 1986) 205-218, SIAM, Philadelphia, 1988

[95] Hendry, G.; Vogler, W.: The square of a connected S(K_{1,3})-free graph is vertex pancyclic. J. Graph Theory 9(1985) 535-537

[96] Hendry, G.R.T.: Extending cycles in graphs. Discrete Math. 85(1990) 59-72

[97] Hertz, A.; de Werra, D.; On the stability number of AH-free graphs. J. Graph Theory 17 (1993) 53-63

[98] Hsu, W.-L.: How to color claw-free perfect graphs. Ann. Discrete Math. 11(1981) 189-197

[99] Hsu, W.-L.; Nemhauser, G.L.: Algorithms for minimum covering by cliques and maximum clique in claw-free perfect graphs. Discrete Math. 37(1981) 181-191

[100] Hsu, W.-L.; Nemhauser, G.L.: A polynomial algorithm for the minimum weighted clique cover problem on claw-free perfect graphs. Discrete Math. 28(1982) 65-71

[101] Hsu, W.-L.; Nemhauser, G.L.: Algorithms for maximum weight cliques, minimum weighted clique covers and minimum colorings of claw-free perfect graphs. Ann. Discrete Math. 21(1984) 357-369

[102] Hu, Zhiquan: A proof of Broersma and Veldman’s conjectures. Preprint, Huazhong Normal University

[103] Jackson, Bill: Hamilton cycles in regular 2-connected graphs. J. Combin. Theory Ser. B 29(1980) 27-46

[104] Jackson, Bill: Hamilton cycles in 7-connected line graphs. Preprint (1989, unpublished)

[105] Jackson, Bill: Concerning the circumference of certain families of graphs. Memorandum 1076, Univ. of Twente, Enschede, 1992, 87-94 [106] Jackson, Bill; Katerinis, P,: A characterization of 3/2-tough graphs. Preprint [107] Jackson, Bill; Wormald, N.C.: K-walks of graphs. Australas. J. Combin. 2(1990) 135-146 [108] Javdekar, M.: A note on Choundum’s chromatic bounds for a class of graphs. J.

Graph Theory 4(1980) 265-268 [109] Johnson, D.S.: The NP-completeness column: an ongoing guide. J. Algorithms 6(1985) 434-451 [110] Jung, H.A.: Note on hamiltonian graphs. In: Recent Advances in Graph Theory (ed. M. Fiedler), Academia, Prague 1975 315-321 [111] Jünger, M.; Reinelt, G; Pulleyblank, W.R.; On partitioning the edges of graphs into connected graphs J. Graph Theory 9(1985), 539-549 [112] Kanetkar, S.V.; Rao, P.R.: Connected, locally 2-connected K_{1,3}-free graphs are panconnected. J. Graph Theory 8(1984) 347-353 [113] Karaganis, J.J.; On the cube of a graph. Canad. Math. Bull. 11 (1969), 295-296 [114] Kierstead, H.A.: On the chromatic index of multigraphs without large triangles. J.

Combin. Theory Ser. B 6(1984) 156-160 [115] Kierstead, H.A.: Applications of edge coloring of multigraphs to vertex colorings of graphs. Discrete Math. 74(1989) 117-124 [116] Kierstead, H.A.; Schmerl, J.H.: Some applications of Vizing’s theorem to vertex colorings of graphs. Discrete Math. 45(1983) 277-285 [117] Kierstead, H.A.; Schmerl, J.H.: The chromatic number of graphs which induce neither K_{1,3} nor K_5 − e. Discrete Math. 58(1986) 253-262 [118] Knor, M.; Niepel, L’.; Šoltés, L’.: Centers in line graphs. Math. Slovaca 43 (1993), 11-20 [119] Krasikov, I.: A note on the edge-reconstruction of K_{1,3}-free graphs. J. Combin.

Theory Ser. B 49(1990) 295-298 [120] Las Vergnas, M.: A note on matchings in graphs. Cahiers Centre Etudes Rech.

Opér. 17(1975) 257-260 [121] Li, Guojun; Liu, Zhenhong; Lu, Mei: Hamiltonian cycle in 3-connected claw-free graph. Preprint [122] Li, Hao: Hamiltonian cycles in 2-connected claw-free graphs. Preprint [123] Li, Hao: Problem A15. Memorandum 1076, Univ. of Twente, Enschede, 1992, 119 [124] Li, Hao; Lu, Mei; Sun, Zhiren: Hamiltonicity in 2-connected graphs with claws.

Preprint 1993

[125] Li, Hao; Tian, F.: Degree Sums, Claws, and Hamiltonicity. Preprint 1994 [126] Li, Hao; Virlouvet, C.: Neighborhood conditions for claw-free hamiltonian graphs.

Ars Combin. 29A(1990) 109-116 [127] Li, Hao: A note on hamiltonian claw-free graphs. Preprint, 1996 [128] Li, Mingchu: A note on circumferences of 3-connected claw-free graph. J. Nanjing Univ. Nat. Sci., Spec. Issue on Graph Theory, Vol. 27 (1991) 98-105 [129] Li, Mingchu: Pancyclism in claw-free graphs (Chinese, English summary). J. Nanjing Univ. Nat. Sci., Spec. Issue on Graph Theory, Vol. 27 (1991) 123-126 [130] Li, Mingchu: Hamiltonian cycles in 3-connected claw-free graphs. J. Graph Theory 17(1993) 303-313 [131] Li, Mingchu: Longest cycles in regular 2-connected claw-free graphs. Discrete Math.

137(1995) 277-295 [132] Li, Mingchu: Hamiltonicity in N^2-locally connected claw-free graphs. Preprint [133] Li, Mingchu: On pancyclic claw-free graphs. Preprint [134] Li, Mingchu; Liu, Zhenhong: Longest cycles in 3-connected and K_{1,3}-free graphs.

Preprint [135] Li, Mingchu; Liu, Zhenhong: Hamilton problems in claw-free graphs - a survey (Chinese, English summary). J. Nanjing Univ. Nat. Sci., Spec. Issue on Graph Theory, Vol. 27 (1991) 223-231 [136] Liu, Yiping: The maximum number of diagonals of cycles in claw-free graphs (Chinese, English summary). Shanghai Shifan Daxue Xuebao Ziran Kexue Ban 18 (1989), 10-17 [137] Liu, Yiping; Tian, Feng; Wu, Zhengshen: Some results on longest paths and cycles in K_{1,3}-free graphs. J. Changsha Railway Inst. 4(1986) 105-106 [138] Liu, Yiping; Wu, Zhengsheng: Hamilton cycles in 2-connected regular K_{1,3}-free graphs. Preprint, Nanjing University, China, 1987 [139] Liu, Zhenhong; Yu, Zhengguang; Zhu, Yongjin: 2-connected, k-regular graphs on at most 3k + 3 vertices to be hamiltonian. J. Systems Sci. Math. Sci. 6(1986) 36-49 [140] Lonc, Z.; Ryjáček, Z.: Factors of claw-free graphs. Czechoslovak Math. J.

41(116)(1991) 120-130 [141] Lovász, L.: Perfect Graphs, Selected Topics in Graph Theory (2), (L.W. Beineke and R.J. Wilson eds.), Academic Press, 1983, 56-87.

[142] Lovász, L.; Plummer, M.D.: Matching Theory. Akadémiai Kiadó, Budapest, 1986, and Annals of Discrete Math. 29, (1986).

[143] Markus, L.R.: Disjoint Cycles in claw-free graphs. Preprint

[144] Markus, L.R.: Hamiltonian results in K_{1,r}-free graphs. Preprint [145] Markus, L.R.; Snevily, H.S.: Disjoint cycles in star-free graphs. Preprint [146] Matthews, M.M.: Extremal results for K_{1,3}-free graphs. Congr. Numer. 49(1985) 49-55 [147] Matthews, M.M.: A technique for algorithms in K_{1,3}-free graphs. Congr. Numer.

69(1989) 77-89 [148] Matthews, M.M.; Sumner, D.P.: Hamiltonian results in K_{1,3}-free graphs. J. Graph Theory 8(1984) 139-146 [149] Matthews, M.M.; Sumner, D.P.: Longest paths and cycles in K_{1,3}-free graphs. J.

Graph Theory 9(1985) 269-277 [150] Maurras, J.F.: Polytopes à sommets dans {0,1}. Thèse de Doctorat d’Etat, Université Paris 7 [151] Minty, G.J.: On maximal independent sets of vertices in claw-free graphs. J. Combin. Theory Ser. B 28(1980) 284-304 [152] Nebeský, L.: Some sufficient conditions for the existence of a 1-factor. J. Graph Theory 2(1978) 251-255 [153] Nebeský, L.: On the existence of 1-factors in partial squares of graphs. Czechoslovak Math. J. 29(104)(1979) 349-352 [154] Nishimura, T.: Regular factors of line graphs II. Preprint [155] Oberly. D.J.; Sumner, D.P.: Every connected, locally connected nontrivial graph with no induced claw is hamiltonian. J. Graph Theory 3(1979) 351-356 [156] Olariu, S.: Paw-free graphs. Inform. Process. Lett. 28(1988) 53-54 [157] Olariu, S.: The strong perfect graph conjecture for pan-free graphs. J. Combin.

Theory Ser. B 47(1989) 187-191 [158] Parthasarathy, K.R.; Ravindra, G.: The strong perfect graph conjecture is true for K_{1,3}-free graphs. J. Combin. Theory Ser. B 21(1976) 212-223 [159] Paulraja, P.: On graphs admitting spanning eulerian subgraphs. Ars Combin.

24(1987) 57-65 [160] Poljak, S.: A note on stable sets and coloring of graphs. Comment. Math. Univ.

Carolin. 15(1974) 307-309 [161] Plummer, M.D.: Claw-free maximal planar graphs. Congr. Numer. 72(1990) 9-23 [162] Plummer, M.D.: Extending matchings in claw-free graphs. Proc. Thirteenth British Combinatorial Conference, Guildford, 1991 [163] Plummer, M.D.: 2-extendability and hamiltonicity in two classes of claw-free graphs.

Preprint, 1992

[164] Qian, Xiong Ping; Shi, Rong Hua: 3-connected, locally connected claw-free graphs are panconnected (Chinese, English summary). Gaoxiao Yingyong Shuxue Xuebao 6(1991) 574-580 [165] Ryjáček, Z.: Factors and circuits in K_{1,3}-free graphs. Combinatorics and Graph Theory, Polish Scientific Publishers, Warsaw, Banach Centre Publications 25(1989) 137-145 [166] Ryjáček, Z.: Hamiltonian circuits in N_2-locally connected K_{1,3}-free graphs. J. Graph Theory 14(1990) 321-331 [167] Ryjáček, Z.: Almost claw-free graphs. J. Graph Theory 18(1994) 469-477 [168] Ryjáček, Z.: Hamiltonicity in claw-free graphs through induced bulls. Preprint, Univ. of West Bohemia, Pilsen, 1991 [169] Ryjáček, Z., Schiermeyer, I., On the independence number in K_{1,r+1}-free graphs.

Preprint, Univ. of West Bohemia, 1993 [170] Ryjáček, Z.: Matching extension in K_{1,r}-free graphs with independent claw centers.

Preprint, Univ. of West Bohemia, Pilsen, 1994 [171] Ryjáček, Z.: On a closure concept in claw-free graphs. Preprint, Univ. of West Bohemia, Pilsen, 1996 [172] Sbihi, N.: Algorithmes de recherche d’un stable de cardinalite maximum dans un graphe sans etoile. Discrete Math. 29 (1980) 53-76 [173] Schiermeyer, I.: Neighborhood intersections and Hamiltonicity. Graph theory, combinatorics, algorithms and applications (San Francisco, CA,1989) 427-440, SIAM, Philadelphia, 1991 [174] Sedláček, J.: Local properties of graphs (Czech). Čas. Pěst. Mat. 106(1981) 290-298 [175] Sekanina, M.: On an ordering of the set of vertices of a connected graph. Spisy Prirod. Fak. Univ. Brno (1960) 137-141 [176] Shepherd, F.B.: Claws. Thesis, University of Waterloo, 1987 [177] Shepherd, F.B.: Hamiltonicity in claw-free graphs. J. Combin. Theory Ser. B 53(1991) 173-194 [178] Shen, Ruqun; Tian, Feng; Wei, Bing: Hamiltonicity of k-connected graphs with claws. Preprint, 1994.

[179] Shi, Rong Hua: Connected and locally connected graphs with no induced claws are vertex pancyclic. Kexue Tongbao 31(1986) 427 [180] Shi, Rong Hua: 2-neighborhoods and hamiltonian conditions. J. Graph Theory 16(1992) 267-271 [181] Šoltés, Ľ.: Forbidden induced subgraphs for line graphs. Preprint [182] Šoltés, Ľ.: Neighborhoods in line graphs. Math. Slovaca 42(1992) 427-436.

[183] Sumner, D.P.: Graphs with 1-factors. Proc. Amer. Math. Soc. 42(1974) 8-12 [184] Sumner, D.P.: 1-factors and antifactor sets. J. London Math. Soc. (2), 13(1976) 351-359 [185] Sumner, D.P.: Subtrees of a graph and the chromatic number. The theory and applications of graphs (Kalamazoo, Mich., 1980) 557-576, Wiley, New York, 1981 [186] Sumner, D.P.; Moore, J.I.: Domination Perfect Graphs. Notices Amer. Math. Soc.

26(1979) A-569 [187] Thomassen, C.: Reflections on graph theory. J. Graph Theory, 10, 1986, 309-324. [188] Tian, F.:Forbidden subgraphs, degrees, neighborhood unions and circumferences of graphs. Systems Sci. Math. Sci. 4(1991) 374-381 [189] Topp, J.; Volkmann, L.: On graphs with equal domination and independent domination numbers. Discrete Math. 96(1991) 75-80 [190] Veldman, H.J.; Existence of dominating cycles and paths. Discrete Math. 43(1983) 281-296.

[191] Vizing, V.G.; On an estimate of the chromataic number of a p-graph. Discret. Anal.

3(1964) 25-30.

[192] Wang, Jianglu: Longest cycles in 3-connected and claw-free graphs (Chinese, English summary). J. Nanjing Univ. Nat. Sci., Special Issue on Graph Theory, Vol. 27 (1991) 110-122 [193] Woodall, D.R.: The binding number of a graph and its Anderson number. J. Combin. Theory Ser. B 15(1973) 225-255 [194] Wu, Z.S.: Hamilton connectivity of K_{1,3}-free graphs. (Chinese, English summary).

J. Math. Res. Exposition 9(1989) 447-451 [195] Zhan, S.: On hamiltonian line graphs and connectivity. Discrete Math. 89(1991), 89-95 [196] Zhang, C.-Q.: Hamilton cycles in claw-free graphs. J. Graph Theory 12(1988) 209- 216 [197] Zhang, C.-Q.: Cycles of given length in some K_{1,3}-free graphs. Discrete Math.

78(1989) 307-313 [198] Zhou, H.-L.: A necessary and sufficient condition for connected, locally k-connected K_{1,3}-free graphs to be k-hamiltonian. J. Graph Theory 13(1989) 651-656 [199] Zverovich, I.E.; Zverovich, V.E.: A characterizaton of domination perfect graphs.

J. Graph Theory 15(1991) 109-114