Forbidden subgraphs, stability and hamiltonicity

Jan Brousek, Zdeněk Ryjáček^� Department of Mathematics University of West Bohemia

Univerzitní 22 306 14 Plzeň Czech Republic

Ingo Schiermeyer Lehrstuhl für Diskrete Mathematik und Grundlagen der Informatik TU Cottbus D-03013 Cottbus Germany

February 23, 1998

Abstract

We study the stability of some classes of claw-free graphs defined in terms of forbidden subgraphs under the closure operation defined in [10]. We characterize all connected graphs A such that the class of all CA-free graphs (where C denotes the claw) is stable. Using this result, we prove that every 2-connected and CHP_8-free, CHZ_5-free or CHN_{1,1,4}-free graph is either hamiltonian or belongs to some classes of exceptional graphs (all of them having connectivity 2).

1 Introduction

In this paper we follow up with the considerations that originated in the papers [2] and [5]. All graphs considered here will be finite undirected graphs G = (V (G), E(G)) without loops and multiple edges. For terminology and notation not defined here we refer to [1]. We recall here briefly some basic concepts and notations from [5].

�Research supported by grant GA ČR No. 201/97/0407

If A ⊂ V (G), then the induced subgraph on A in G will be denoted by ⟨A⟩_G (or simply by ⟨A⟩). By a clique we mean a (not necessarily maximal) complete subgraph of G. We denote by P_k (k ≥ 2) the path on k vertices, i.e. of length k − 1. For A, B ⊂ V (G), a path in G having one endvertex in A and the other in B will be referred to as an A, B-path. The circumference of G (i.e. the length of a longest cycle in G) is denoted by c(G) and the clique number of G (i.e. the size of a largest clique in G) is denoted by ω(G).

If H_1, . . . , H_k (k ≥ 1) are graphs, then a graph G is said to be H_1, . . . , H_k-free if G contains no copy of any of the graphs H_1, . . . , H_k as an induced subgraph; the graphs H_1, . . . , H_k will be also referred to in this context as forbidden subgraphs. Specifically, the four-vertex star K_{1,3} is also denoted by C and called the claw and in this case G is said to be claw-free. Whenever vertices of an induced claw are listed, its center, (i.e. its only vertex of degree 3) is always the first vertex of the list. Further graphs that will be often considered as forbidden subgraphs are shown in Fig. 1.

t t t t �HH H The claw C t t t t �@@_Z 1 t t t t t �@@_Z 2 t t t t t t �@@_Z 3

t t t t t t � �@@ @ The net N t t t t t t t � �@@ @ The eiffel E t t t t t � �@@ @ The hourglass H

Figure 1

A vertex x ∈ V (G) is said to be locally connected (eligible, simplicial, locally disconnected) if the subgraph ⟨N_G(x)⟩ is connected (connected noncomplete, complete, disconnected). The set of all locally connected (eligible, simplicial, locally disconnected) vertices of G is denoted by V_{LC} (G) (V_{EL}(G), V_{SI} (G), V_{LD} (G)), respectively. Thus, the sets V_{EL}(G), V_{SI} (G), V_{LD} (G) are pairwise disjoint, V_{EL}(G) ∪ V_{SI} (G) = V_{LC} (G) and V_{LC} (G) ∪ V_{LD}(G) = V (G).

For any x ∈ V_{EL}(G) denote B_x = {uv| u, v ∈ N_G(x), uv /∈ E(G)} and let G^′_x be the graph with vertex set V (G^′_x) = V (G) and with edge set E(G^′_x) = E(G) ∪ B_x (i.e., G^′_x is obtained from G by adding to ⟨N_G(x)⟩_G all missing edges). The graph G^′_x is called the local completion of G at x. It was proved in [10] that for any claw-free graph G and for any eligible vertex x ∈ V_{EL}(G), the graph G^′_x is claw-free and c(G^′_x) = c(G). The following concept was introduced in [10].

Let G be a claw-free graph. We say that a graph H is a closure of G, denoted H = cl(G), if (i) there is a sequence of graphs G_1, . . . , G_t and vertices x_1, . . . , x_{t−1} such that G_1 = G, G_t = H, x_i ∈ V_{EL}(G_i) and G_{i+1} = (G_i)^′_{xi} , i = 1, . . . , t − 1, (ii) V_{EL}(H) = ∅.

(Equivalently, cl(G) is obtained from G by recursively repeating the operation of local completion, as long as this is possible). The following result summarizes basic properties of the closure operation.

Theorem A [10]. Let G be a claw-free graph. Then

(i) the closure cl(G) is well-defined, (ii) there is a triangle-free graph H such that cl(G) is the line graph of H, (iii) c(G) = c(cl(G)).

(Specifically, part (i) of Theorem A implies that cl(G) does not depend on the order of eligible vertices used during the construction of cl(G)).

We say that a claw-free graph G is closed if G = cl(G). Thus, G is closed if and only if V_{EL}(G) = ∅.

Let C be a subclass of the class of claw-free graphs. Following [2], we say that the class C is stable under the closure (or simply stable) if cl(G) ∈ C for every G ∈ C. It is easy to see that the class of k-connected claw-free graphs is an example of a stable class for any k ≥ 1. By Theorem A, both the class of hamiltonian claw-free graphs and the class of 2-connected nonhamiltonian claw-free graphs are stable.

In this paper we continue with the study of stability of classes of graphs defined in terms of forbidden subgraphs originated in [5]. In Section 2 we characterize all connected graphs A such that the class of CA-free graphs is stable. Using this result, in Section 3 we extend several previous results on hamiltonicity in classes of graphs defined in terms of forbidden subgraphs.

2 Forbidden pairs and stability

In the main result of this section, Theorem 4, we characterize all connected graphs A such that the class of CA-free graphs is stable. We first recall several known results and prove some auxiliary statements. We denote by:

Z_i (i ≥ 1) – the graph which is obtained by identifying a vertex of a triangle with an endvertex of a path of length i,

N_{i,j,k} (i, j, k ≥ 1) – the generalized (i, j, k)-net, i.e. the graph which is obtained by identifying each vertex of a triangle with an endvertex of one of three vertex-disjoint paths of lengths i, j, k.

(See also Fig. 2.) Thus, N_{1,1,1} ≃ N and N_{1,1,2} ≃ E. We will always keep the labelling of the vertices of the graphs Z_i and N_{i,j,k} as shown in Figure 2.

t t t t t t � � @@ @_{. . .} b_1 b_2

b_3 a_1 a_2 a_i

Z_i t t t t t t t t t t t t � � JJ JJ . . . . . . . . .

b_1 a^1 a^2_1 a^i_1

a^k_3 a^2_3 a^1_3 b_3 b_2 a^1_2 a^2 a^j_2 N_{i,j,k} Figure 2

The following results were proved in [5].

Theorem B [5].

(i) Let G be a CP_i-free graph (i ≥ 3) and let x ∈ V_{EL}(G). Then the graph G^′_x is CP_i-free.

(ii) Let G be a CN_{i,j,k}-free graph (i, j, k ≥ 1) and let x ∈ V_{EL}(G). Then the graph G^′_x is CN_{i,j,k}-free. Corollary C [5].

(i) The class of CP_i-free graphs is a stable class for any i ≥ 3. (ii) The class of CN_{i,j,k}-free graphs is a stable class for any i, j, k ≥ 1.

It was also shown in [5] that the analogue of Theorem B fails in the class of CZ_i-free graphs, but the analogue of Corollary C still remains true in this class.

Theorem D [5]. The class of CZ_i-free graphs is a stable class for any i ≥ 1.

The graph in Figure 3 is an example of a CH-free graph such that G^′_x is not CH-free. Thus, the analogue of Theorem B fails also in the class of CH-free graphs. The following theorem shows that we can still prove the analogue of Corollary C in this case.

Theorem 1. The class of CH-free graphs is a stable class.

Proof. If F is an induced subgraph of G, then we say that F is a permanent (or temporary) induced subgraph of G if ⟨V (F )⟩_{cl(G)} ≃ F (or ⟨V (F )⟩_{cl(G)} ≄ F ), respectively.

u u u u u u u u u � � � � � � � � � � � � JJ JJ J JJ JJ J JJ JJ J JJ JJ J Figure 3

Let G be a CH-free graph and let G_1, . . . , G_t be the sequence of graphs that yields cl(G) (i.e. G = G_1, cl(G) = G_t, x_j ∈ V_{EL}(G_j ) and G_{j+1} = (G_j )^′_{xj} , j = 1, . . . , t − 1). Suppose that cl(G) is not H-free and let j_0 ≥ 1 be the smallest integer such that G_{j0+1} contains a permanent induced H. Without loss of generality we can set G_{j0} = G, i.e., we suppose that ⟨V (F )⟩_G0_x = ⟨V (F )⟩_{cl(G)} ≃ H for some x ∈ V_{EL}(G) and F ⊂ G^′_x, and that every induced H in G is temporary. Since ⟨V (F )⟩_G ≄ H (otherwise F is a permanent H in G), we have B^F_x = E(F ) ∩ B_x ≠ ∅.

Denote by z the center (i.e., the only vertex of degree four) of F and by a_1a_2, b_1b_2 the two edges in N_G(z) ∩ E(F ). If both xa_i ∈ E(G) and xb_j ∈ E(G) for some i, j ∈ {1, 2}, then we have a_ib_j ∈ E(G^′_x), contradicting the assumption that ⟨V (F )⟩_G0_x ≃ H. Hence we can suppose without loss of generality that B^F_x ⊂ {b_1b_2, b_1z, b_2z}.

If both zb_1 ∈ E(G) and zb_2 ∈ E(G), then b_1b_2 ∈ B_x, implying ⟨{z, b_1, b_2, a_1}⟩_G ≃ C – a contradiction. Hence we can assume that zb_2 ∈ B_x. Since ⟨V (F )⟩_G0_x ≃ H, we have x /∈ {z, a_1, a_2, b_2}. Choose a shortest z, b_2-path in ⟨N_G(x)⟩_G (it always exists since x ∈ V_{EL}(G)) and let c be its first vertex distinct from z (it exists since zb_2 /∈ E(G)). Consider F_1 = ⟨{z, a_1, a_2, x, c}⟩_G. Since F_1 cannot be a permanent hourglass, we have {a_1x, a_2x, a_1c, a_2c} ∩ E(cl(G)) ≠ ∅. But then, since zb_2 ∈ E(G^′_x), z becomes eligible in some G_j (1 ≤ j < t − 1), implying that ⟨V (F )⟩_{cl(G)} is a clique. This contradiction proves Theorem 1.

It is easy to observe that if G is CT -free (here T denotes the triangle), then G consists only of paths and cycles. Hence V_{EL}(G) = ∅, implying that cl(G) = G is CT -free. The class of CT -free graphs is thus also trivially stable. Furthermore, the class of CA-free graphs is also trivially stable if A contains an induced claw (since then C-free implies Afree) or if A is not closed (since then every closed graph is A-free). Hence we can without loss of generality restrict our observations to connected closed claw-free graphs A.

In the main result of this section, Theorem 4, we show that there are no other connected closed claw-free graphs A such that the CA-free class is stable except T and the graphs mentioned in Corollary C, Theorem D and Theorem 1. To prove this, we will need first some lemmas.

If G is a closed claw-free graph and K ⊂ G is a maximal clique, then the vertices in V (K) ∩ V_{LD} (G) will be called the vertices of attachment of K.

Lemma 2. Let A be a closed connected claw-free graph such that the class of CA-free graphs is stable. Then ω(A) ≤ 4.

Proof. Let q = ω(A) and suppose, to the contrary, that q ≥ 5. We define a graph G by the following construction.

Let K^1, . . . , K^s (s ≥ 1) be the collection of all maximum cliques of A (i.e., K^i ≃ K_q, i = 1, . . . , s). Since G is closed, these cliques are pairwise edge-disjoint. For every i, 1 ≤ i ≤ s, denote by v_1, . . . , v_{pi} the vertices of attachment of K^i, choose an integer r_i such that r_i ≥ p_i and p_i + 3r_i ≥ q, and replace the K^i in A by a copy of the graph L_{pi,ri} of Figure 4 in such a way that the vertices v_1, . . . , v_{pi} of the copy of the L_{pi,ri} are identified with the vertices of attachment of the (removed) clique K^i. Then clearly G is claw-free, ω(G) ≤ q − 1 and hence G is A-free; since every inserted copy of L_{pi,ri} closes up to a clique on p_i + 3r_i ≥ q vertices, it is straightforward to check that cl(G) contains an induced subgraph isomorphic to A.

u u u u u u u u u u u u u u u u u u

� � � BB BB B � � � BB BB B BB BB B � � � BB BB B � � � � � � @@ @@ @ � � @@ � � � BB BB B � � � BB BB B BB BB B � � � � � � @@ @@ @ @@ @@ � � � @@ � � � BB BB B @@ @@ � · · ·

· · ·

· · ·

· · · v_1 v_2 v_{pi}

w_1 w_2 w_{pi} w_{pi+1} w_{ri}

L_{pi,ri}

Figure 4

Lemma 3. Let A be a closed connected claw-free graph such that the class of CA-free graphs is stable. Then ω(A) ≤ 3.

Proof. By Lemma 2, ω(A) ≤ 4. Suppose, to the contrary, that A contains an induced K_4. We distinguish two cases.

Case 1: A contains an induced K_4 with p ≤ 3 vertices of attachment,

Construct G by taking a copy of A and replacing each K_4 with one vertex of attachment by the graph L_1 of Figure 5 (where the vertex v is identified with the vertex of attachment of the K_4), each K_4 with two vertices of attachment by a copy of the graph L_2 of Fig. 5 and each K_4 with three vertices of attachment by a copy of the graph L_3 of Fig. 5 (where the replacement is again done in such a way that the vertices v_1, v_2 of the L_2 or v_1, v_2, v_3 of the L_3 are identified with the vertices of attachment of the deleted K_4). Then G is obviously claw-free and no closed induced subgraph of G contains a K_4 with at most three vertices of attachment. Hence G is CA-free. However, it is straightforward to check that cl(G) contains an induced A.

t t t t � � @@ @ @@ @ � � v L_1

t t t t � � @@ @ @@ @ � � v_1

v_2

L_2

t t t t t t � � � @@ @@ @@ � � @@ @ v_1

v_2 v_3

L_3

t t t t t t ´´ ´´ ´´ SS SS SS SS SS SS ´´ ´´ ´´ v_1 v_2

v_3 v_4

L_4

Figure 5

Case 2: Every induced K_4 in A has four vertices of attachment.

In this case we replace each K_4 in a copy of A by a copy of the graph L_4 of Fig. 5 (identifying again v_1, v_2, v_3, v_4 with the vertices of attachment of the K_4). The constructed graph G is again claw-free and, although the number of K_4’s is not reduced this time, it is easy to see that no induced subgraph of G containing a K_4 with four vertices of attachment is closed. Hence G is CA-free. Since cl(G) contains an induced A, we have again a contradiction.

Now we are ready to prove the main result of this section.

Theorem 4. Let A be a closed connected claw-free graph. Then the class of CA-free graphs is stable if and only if A ∈ {H, T } ∪ {P_i| i ≥ 3} ∪ {Z_i| i ≥ 1} ∪ {N_{i,j,k} | i, j, k ≥ 1}. Proof. (i) The “if” part of the proof follows immediately from Corollary C, Theorem D, Theorem 1 and from the remarks before Lemma 2.

(ii) Suppose that the class of CA-free graphs is stable. By Lemma 3, ω(A) ≤ 3. If A is T -free, then A is either a path and we are done, or A is a cycle and then it is apparent that the CA-free class is not stable (since the graph G obtained from A by replacing one edge by the graph L_2 of Fig. 5 is CA-free while cl(G) is not). Hence we can suppose that A contains a triangle.

If A contains a triangle with two vertices of attachment, then, replacing in a copy of A every such triangle by a copy of the graph L_2 of Fig. 5 we obtain a CA-free graph G such that cl(G) is not CA-free; thus A has no triangle with two vertices of attachment.

If A contains a triangle with no vertex of attachment, then, since A is connected, A ≃ T and we are done. Hence we can suppose that every triangle in A has one or three vertices of attachment.

We now show that if A contains a triangle with three vertices of attachment, then A contains no other triangle. Suppose, to the contrary, that A contains at least two triangles, at least one of them having three vertices of attachment. For any such graph G, denote by d_T (G) the minimum distance between two triangles in G such that at least one of them has three vertices of attachment. Construct a graph G by taking a copy of A and by replacing every its triangle T = ⟨{a, b, c}⟩_A with three vertices of attachment by a copy of the graph L of Figure 6.

u u u u u u u u u

u u u

JJ JJ J � � � � � � JJ JJ J Q QQ QQ � � � ȷȷ ȷȷȷ ‘‘‘‘‘‘‘ ‘ JJ JJ J DD DD DD D QQ QQQ ZZ ZZ ZZ � � � � ȷȷ ȷȷȷ ææ ææ ææ � � � JJ JJ J^a

a_1 a_2 z x c_2 b_1 y b b_2 c c_1 Figure 6

Let T_1 = ⟨{a, b, c}⟩_A and T_2 be a pair of triangles in A at minimum distance d = d_T (A) (T_1 having three vertices of attachment). Then the only triangles in the copy of L that can occur in a closed induced subgraph of G as triangles with three vertices of attachment are the triangles ⟨{x, z, a_1}⟩_G, ⟨{x, z, a_2}⟩_G, ⟨{x, y, b_1}⟩_G, ⟨{x, y, b_2}⟩_G, ⟨{y, z, c_1}⟩_G, and ⟨{y, z, c_2}⟩_G. Since the distance of each of them from T_2 is at least d + 1 (and the pair T_1, T_2 is arbitrary), we have d_T (G) ≥ d_T (A), implying that the graph G is A-free. It is apparent that G is also C-free, and it is straightforward to check that its closure cl(G) contains an induced A. This contradiction shows that it remains to consider the following two cases.

Case 1: A contains one triangle with three vertices of attachment and no other triangle.

Case 2: Every triangle in A has exactly one vertex of attachment.

In Case 1, either A ≃ N_{i,j,k} for some i, j, k ≥ 1 (and we are done), or some two vertices of attachment of the triangle are connected by a path, but then, replacing one edge of the path by the graph L_2 of Fig. 5, we get a contradiction with the stability. In Case 2, by the claw-freeness, A contains at most two triangles. If A has one triangle, A ≃ Z_i for some i ≥ 1, and if A has two triangles with a common vertex, then A ≃ H. It remains to consider the case when A contains two triangles at a certain nonzero distance (i.e.,

connected by a path), but then, replacing an arbitrary edge of the path by the graph

L_2 of Fig. 5, we get a CA-free graph G such that cl(G) contains an induced A. This

contradiction completes the proof of Theorem 4.

3 Hamiltonian results

Denote by F_1, . . . , F_6 the classes of graphs shown in Fig. 7 (where the elliptical parts

represent cliques of size at least three).

•

•

•

•

•

•

. . . . . . . . . . . . .. . .. .. .. .. ... ....

......... ... ... .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . .. . .. .. .. .. .. .. ....

.......... ... .. .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. ... ... ............ .. .. .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. .. .. ... .............. ... .. .. .. . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . .. .. .. ... .....

....... ... ... .. .. .. .. . .. . . . . . . . . . . . . . . . . . . . .. .. .. .. .. ... ... ....

........... ... .. .. .. .. . .. . . . . . . . . . .

............................................................

.....................

............

...... .. .....

..........

..................

........................................

............................................................................................

..................

..........

...... . ......

..........

....................

........................................................ ........

............................................................

.....................

...........

...... .. ......

.........

..................

........................................

............................................................................................

...................

..........

...... . ......

..........

....................

......................................................

........ . . .odd

F_1

•

•

•

•

•

•

• • •

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. ... .. .. ... .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ... .. .. ... .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. ... .. .. .. ... ... .. .. .. .. ... ... .. .. .. ... ... .. ... ... ... ... ... .. ... ... ... ... .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. ... .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. . ............................................................

.....................

...........

...... .. .....

.........

.................

.......................................

............................................................................................

...................

..........

...... . .......

...........

....................

....................................................... ........

............................................................

......................

...........

...... .. .....

.........

..................

.......................................

............................................................................................

...................

..........

...... . ......

...........

...................

.......................................................

......... . . .odd

F_2

•

•

•

•

•

•

............................................................

.....................

...........

...... .. .....

.........

..................

........................................

............................................................................................

...................

.........

...... . ......

..........

....................

........................................................ .......

............................................................

.....................

...........

...... .. .....

.........

..................

........................................

...........................................................................................

...................

.........

...... . .....

..........

....................

.......................................................

........

. . . . . . . . . . . . . .. .. .. .. .. ... ....

........ ... .. .. .. .. .. . .. . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. .. .. .. ....

.......... .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. .. .. ... ... ............. .. .. .. .. .. . . . .. . . . . . . . . . . . . . . . . . . . . . . .. . .. .. .. ... ... ............. ... .. .. . .. . . . . . . . . . . . . . .

...... ... .. .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. .. ... ....

........... ... .. .. .. .. .. .. . . . . . . . . . . . . . . . . . . . . .. .. .. .. .. .. ... ..... .

F_3 •

•

•

•

•

• •^. . . .

.....................................................................................................................................................................

..................

..................

.................

.......................

..................

..................

.................. ..

.....................................................................................................................................................................

..................

.................

..................

......................

..................

.................

.................. ..

. . . . . . . . . . . . . .. .. .. .. ... ... ....

......... ... .. .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. ... .. ... ........... ... .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. .. ... ............. .. .. .. .. . . .. . . . . . . . . . . . . . . . . . . . . . . .. . . .. .. .. .. .. ... .............. ... .. .. .. .. . . . . . . . . . . . . . .

........

.... ... .. .. . . .. . . . . . . . . . . . .. .. ... ... ....

............. ... ... .. .. .. . . . . . . . . . . .. . .. .. .. ... ... .......

F_4

•

•

•

•

•

•

•

•

.....................................................................................................................................................................

..................

..................

..................

.......................

.................

..................

................. .

......................................................................................................................................................................

...................

..................

..................

......................

..................

..................

.................. .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

...... ... ... .. .. .. .. . . . . . . . . . . . . . . . . . . . .. .. .. ... ... ....

.......... ... ... .. .. .. .. . . . . . . . . . . . . . . . . . . .. .. .. .. ... ... ..... ..

F_5

•

•

•

•

•

•

.....................................................................................................................................................................

..................

..................

.................

.......................

.................

..................

.................. ..

.....................................................................................................................................................................

..................

.................

..................

......................

..................

.................

.................. ..

. . . . . . . . . . . . .. .. .. .. .. .. ... ....

......... ... .. .. .. .. . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . .. .. .. .. ... ............ ... .. .. .. .. .. . . . . . . . . . . . . . . . . . . . . . . . .. . .. . .. .. .. .. ... ............. .. .. .. .. . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. .. ... ............. ... .. .. .. .. . . . . . . . . . . . . . .

...... ... ... .. .. .. . .. . . . . . . . . . . . . . . . . . .. .. .. .. .. ... .....

.......... ... .. .. .. . . . . . . . . . . . . . . . . . . . . . .. .. .. .. ... ..... ..

F_6

Figure 7

Following [4], further denote by P the class of all graphs that are obtained by tak-

ing two vertex-disjoint triangles ⟨{a_1, a_2, a_3}⟩, ⟨{b_1, b_2, b_3}⟩ and by joining every pair of

vertices {a_i, b_i} by a copy of a path P_{ki} = a_ic^1_i c^2_i . . . c^{ki−2}_i b_i for k_i ≥ 3 or by a triangle

⟨{a_i, b_i, c_i}⟩. We denote a graph from P by P_{x1,x2,x3} , where x_i = k_i if a_i, b_i are joined by

a copy of P_{ki} , and x_i = T , if a_i, b_i are joined by a triangle (see Fig. 8).

The following results, extending the results of [3], [6], [7], [8], [9] were proved in [5].

u u u u

b_1 c^2_1 c^1 a_1

u u u

b_2 c^1_2 a_2

u u

u

b_3 a_3

c_3

XXXXXX

¸¸¸¸¸¸

¸¸¸¸¸¸

XXXXXX JJ JJ J � � � P_{4,3,T} ∈ P Figure 8

Theorem E [5]. Let G be a 2-connected graph.

(i) If G is CP_7-free, then either G is hamiltonian or cl(G) ∈ F_1.

(ii) If G is CZ_4-free, then either G is hamiltonian, or G ∈ {P_{3,T,T} , P_{3,3,T} , P_{3,3,3}, P_{4,T,T} }, or cl(G) ∈ F_2.

(iii) If G is CN_{1,2,2}N_{1,1,3}-free, then either G is hamiltonian, or G ≃ P_{3,3,3}, or cl(G) ∈ F_3 ∪ F_4 ∪ F_5.

(iv) If G is CE-free, then either G is hamiltonian or G ∈ F_6.

Corollary F [5].

(i) Every 3-connected CP_7-free graph is hamiltonian. (ii) Every 3-connected CZ_4-free graph is hamiltonian. (iii) Every 3-connected CN_{1,2,2}N_{1,1,3}-free graph is hamiltonian. (iv) Every 3-connected CE-free graph is hamiltonian.

Theorem 4 gives a motivation to consider similar questions in the class of CH-free graphs, too. However, it is easy to observe that e.g. the graph obtained by replacing every vertex of an arbitrary cubic 2-connected nonhamiltonian graph G by a triangle (also called the inflation of G) is a closed 2-connected nonhamiltonian CH-free graph and hence similar results to Theorem E cannot be expected in this class. Nevertheless, we show that meaningful results can be obtained in classes of graphs defined in terms of triples of forbidden subgraphs, one of them being the hourglass.

We prove the following theorems, in which we denote by F_7, F_8 and F_9 the classes of graphs shown in Figure 9.

Theorem 5. Let G be a 2-connected CHP_8-free graph. Then either G is hamiltonian or cl(G) ∈ F_7.

Theorem 6. Let G be a 2-connected CHZ_5-free graph. Then either G is hamiltonian

or G ≃ P_{4,3,3} or cl(G) ∈ F_7.

Theorem 7. Let G be a 2-connected CHN_{1,1,4}-free graph. Then either G is hamiltonian

or cl(G) ∈ F_8 ∪ F_9.

•

•

•

•

•

•

•

•

•

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

............................................................

.....................

............

...... .. .....

..........

..................

.......................................

.............................................................................................

..................

..........

...... . ......

..........

....................

......................................................... ......

.............................................................

.....................

...........

...... . ......

..........

....................

..............................................................................................................................................

............

...... .. ......

.........

.................

......................................

.............................. . . .odd

F_7

•

•

•

•

•

•

•

•

•

............................................................

.....................

...........

...... .. .....

.........

.................

.......................................

.............................................................................................

...................

..........

...... . .......

...........

....................

......................................................... .......

............................................................

.....................

...........

...... ... .......

...........

....................

.............................................................................................................................................

............

...... .. ....

..........

.................

.....................................

...............................

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . F_8

•

•

•

•

•

•

•

•

• •

.....................................................................................................................................................................

..................

...................

..................

.........................

..................

..................

................. .

......................................................................................................................................................................

..................

..................

..................

.....................

..................

.................

.................. ..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . .

. . . . . . . . .

........

.... ... .. .. .. . . . . . .. .. ... ... ......

............. ... ... .. .. . . . . . . .. .. ... ....

...... ...

F_9

Figure 9

Since every graph in the classes F_7, F_8, F_9 is of connectivity 2, we obtain the following

corollary.

Corollary 8.

(i) Every 3-connected CHP_8-free graph is hamiltonian.

(ii) Every 3-connected CHZ_5-free graph is hamiltonian.

(iii) Every 3-connected CHN_{1,1,4}-free graph is hamiltonian.

Before proving Theorems 5, 6 and 7, we first introduce some additional notation. The

following theorem was proved in [4].

Theorem G [4]. Every nonhamiltonian 2-connected claw-free graph contains an induced

subgraph F ∈ P.

Let G be a closed 2-connected nonhamiltonian claw-free graph and let (by Theorem G)

F = P_{x1,x2,x3} ∈ P be an induced subgraph of G. Recall that we keep the notation of

vertices a_i, b_i, c^j_i as in Fig. 8. We denote by:

• K_a the largest clique in G containing the triangle ⟨{a_1, a_2, a_3}⟩_G,

• K_b the largest clique in G containing the triangle ⟨{b_1, b_2, b_3}⟩_G,

• for every i ∈ {1, 2, 3} for which x_i = T , by K_i the largest clique in G containing the triangle ⟨{a_i, c_i, b_i}⟩_G,

• for every i ∈ {1, 2, 3} for which x_i ≠ T , by K_i the path a_ic^1_i c^2_i . . . c^{ki−2}_i b_i and by K^j_i (j = 1, . . . , k_i − 1) the largest clique in G containing the j-th edge of the path K_i,

• for every i ∈ {1, 2, 3}, K^∗_i = K_i if x_i = T , and K^∗_i = ⟨∪^{ki−1}_{j=1} V (K^j_i )⟩_G, if x_i ≠ T ,

• F^∗ = ⟨V (K_a) ∪ V (K_b) ∪ (∪^3_{i=1}V (K^∗_i ))⟩_G.

Note that since G is closed, all these sets are well-defined. The following lemma summarizes basic properties of F^∗.

Lemma H [5]. Let G be a closed 2-connected nonhamiltonian claw-free graph and let F ∈ P be an induced subgraph of G. Then the graph F^∗ has the following properties.

(i) |V (A_1)∩V (A_2)| ≤ 1 for every A_1, A_2 ∈ {K_a, K_b}∪{K_i| x_i = T }∪{K^j_i | x_i ≠ T, 1 ≤ j ≤ x_i − 1}, A_1 ≠ A_2, (ii) if x_i = T for some i ∈ {1, 2, 3}, then V (K_i) ∩ V (A) = ∅ for every A ∈ {K_j | x_j = T } ∪ {K^1_j | x_j ≠ T } ∪ {K^{xj−1}_j | x_j ≠ T }, A ≠ K_i, (iii) if x_i ≠ T for some i ∈ {1, 2, 3}, then V (K^1_i ) ∩ V (K^1_j ) = ∅ and V (K^{xi−1}_i ) ∩ V (K^{xj−1}_j ) = ∅ for every j ∈ {1, 2, 3} such that j ≠ i and x_j ≠ T , (iv) if x_i = T for at least one i ∈ {1, 2, 3}, then V (K_a) ∩ V (K_b) = ∅, (v) a_i, b_i, c^ℓ_i ∈ V_{LD}(G) for 1 ≤ ℓ ≤ k_i − 2 and i = 1, 2, 3, (vi) N_G(a_i) ⊂ V (K_a) ∪ V (K^∗_i ), N_G(b_i) ⊂ V (K_b) ∪ V (K^∗_i ), N_G(c^ℓ_i ) = V (K^ℓ_i ) ∪ V (K^{ℓ+1}_i ) for 1 ≤ ℓ ≤ k_i − 2 and i = 1, 2, 3.

If G is, moreover, H-free, then we can obtain more information about the structure of the graph F^∗.

Lemma 9. Let G be a closed 2-connected nonhamiltonian CH-free graph and let F ∈ P be an induced subgraph of G. Then the graph F^∗ has the following properties.

(i) a_ib_i /∈ E(G) for i = 1, 2, 3, (ii) |V (K^j_i )| = 2 for every i ∈ {1, 2, 3} and j ∈ {1, k − 1}, (iii) V (K_a) ∩ V (K_b) = ∅.

Proof. Properties (i), (ii) follow immediately from the fact that G is H-free. If V (K_a) ∩ V (K_b) ≠ ∅, then, for any x ∈ V (K_a) ∩ V (K_b), ⟨{x, a_1, a_2, b_1, b_2}⟩_G ≃ H (by (i) and since F is an induced subgraph). Hence V (K_a) ∩ V (K_b) = ∅.

Proof of Theorem 5. By Theorem A and Corollary C(i), it is sufficient to prove that if G is a closed 2-connected CHP_8-free graph, then G ∈ F_7. Let G be closed, 2-connected and nonhamiltonian. By Theorem G, G contains an induced subgraph F ∈ P. It is straightforward to check that the only CHP_8-free graph in the class P is the graph P_{3,3,3}; hence F ≃ P_{3,3,3}. By Lemma 9(ii), K^∗_i ≃ P_3, i = 1, 2, 3. By the claw-freeness and since a_ib_i /∈ E(G), N_G(c_i) = {a_i, b_i}, i = 1, 2, 3. By Lemma H(vi), the only vertices of F^∗ that can have a neighbor in V (G) \ V (F^∗) are those in (V (K_a) ∪ V (K_b)) \ {a_1, a_2, a_3, b_1, b_2, b_3}.

Suppose that V (G) ≠ V (F^∗) and choose a vertex u ∈ V (G) \ V (F^∗) having a neighbor v ∈ V (F^∗). By symmetry, we can suppose that v ∈ V (K_a)\{a_1, a_2, a_3}. Since G is closed, v ∈ V_{LD}(G). If u is adjacent to another vertex d ∈ V (G) \ V (F^∗), then dv /∈ E(G) (otherwise, since G is closed, ⟨{v, d, u, a_1, a_2}⟩_G ≃ H). But then ⟨{d, u, v, a_1, c_1, b_1, b_2, c_2}⟩_G ≃ P_8 – a contradiction. Hence u has no neighbors outside F^∗. Since G is closed and u /∈ V (K_a), u has no neighbors in V (K_a). Since G is closed and 2-connected, there is a vertex w ∈ V (K_b) \ {b_1, b_2, b_3} such that N_G(u) = {v, w}. Note that, since G is H-free, vw /∈ E(G). Now, since u was arbitrary, repeating this argument we obtain vertices u_1, . . . , u_k, v_1, . . . , v_k and w_1, . . . , w_k such that v_j ∈ V (K_a) \ {a_1, a_2, a_3}, w_j ∈ V (K_b) \ {b_1, b_2, b_3}, u_j ∈ V (G) \ V (F^∗), N_G(u_j) = {v_j, w_j } and v_j w_j /∈ E(G), j = 1, . . . , k, and such that V (G) = V (F^∗) ∪ {u_1, . . . , u_k}. By the claw-freeness and by the above considerations, all these vertices are distinct. Now it is straightforward to check that k is odd and that E(G) = E(F^∗) ∪ {u_j v_j , u_j w_j | j = 1, . . . , k} (otherwise G is hamiltonian). This implies that G ∈ F_7.

Proof of Theorem 6. By Theorems A and D, we can again suppose that G is a closed 2-connected nonhamiltonian CHZ_5-free graph. We show that then either G ≃ P_{4,3,3} or G ∈ F_7. By Theorem G, the graph G contains an induced subgraph F ∈ P, and since G is CHZ_5-free, it follows that F ≃ P_{3,3,3} or F ≃ P_{4,3,3}. We now consider these two cases separately.

Case 1: F ≃ P_{4,3,3}. First observe that |V (K_a)| = |V (K_b)| = 3, since if e.g. d ∈ V (K_a) \ {a_1, a_2, a_3}, then ⟨{a_1, d, a_2, c^1, c^2_1, b_1, b_3, c_3}⟩_G ≃ Z_5. Secondly, since G is H-free and, by Lemma 9(ii), we have |V (K^1_1 )| = |V (K^3_1 )| = |V (K^1_2 )| = |V (K^2_2 )| = |V (K^1_3 )| = |V (K^2_3 )| = 2, implying N_G(c_i) = {a_i, b_i} for i = 2, 3. If |V (K^2_2 )| ≥ 3, then, for a vertex d ∈ V (K^2_2 ) \ {c^1, c^2_1}, we have ⟨{c^2_1, d, c^1, b_1, b_2, c_2, a_2, a_3}⟩_G ≃ Z_5. Hence also |V (K^2_2 )| = 2, implying that N_G(c^1) = {a_1, c^2_1} and N_G(c^2_1) = {c^1, b_1}. But then no vertex of F can have a neighbor outside F and, since G is connected, G ≃ F ≃ P_{4,3,3}.

Case 2: F ≃ P_{3,3,3}. Similarly as above, |V (K^j_i )| = 2 for i = 1, 2, 3, j = 1, 2, and hence N_G(c_i) = {a_i, b_i}, i = 1, 2, 3.

Let u ∈ V (G) \ V (F^∗) be a vertex having a neighbor v in V (F^∗). By symmetry and by Lemma H(vi), we can suppose that v ∈ V (K_a)\{a_1, a_2, a_3}. If u has another neighbor d ∈ V (G) \ V (F^∗), then, since (by the H-freeness) vd /∈ E(G), ⟨{b_1, b_2, b_3, c_1, a_1, v, u, d}⟩_G ≃ Z_5. Hence u has no neighbors outside F^∗. It is apparent that u has no other neighbors in K_a except v, and thus, since G is closed and 2-connected, there is a vertex w ∈ V (K_b) \ {b_1, b_2, b_3} such that N_G(u) = {v, w}. Since G is H-free, vw /∈ E(G). But then we are in the same situation as in final part of the proof of Theorem 5 and, using the same arguments, we obtain G ∈ F_7.

Proof of Theorem 7. Let G be a closed (cf. Theorem A and Corollary C(ii)) 2- connected nonhamiltonian CHN_{1,1,4}-free graph. We show that G ∈ F_8 ∪ F_9.

By Theorem G, the graph G contains an induced subgraph F ∈ P, and since G is CHN_{1,1,4}-free, we have F ≃ P_{3,3,3} or F ≃ P_{4,3,3}. We again consider these cases separately.

Case 1: F ≃ P_{3,3,3}. Similarly to the previous proofs, |V (K^j_i )| = 2 for i = 1, 2, 3, j = 1, 2, and thus N_G(c_i) = {a_i, b_i}, i = 1, 2, 3. By Lemma H(vi), the only vertices having neighbors outside F^∗ can be those in (V (K_a)∪V (K_b))\{a_1, a_2, a_3, b_1, b_2, b_3}. If e.g. v ∈ V (K_a)\ {a_1, a_2, a_3} has a neighbor u ∈ V (G) \ V (F^∗), then ⟨{b_1, b_2, b_3, c_2, c_3, c_1, a_1, v, u}⟩_G ≃ N_{1,1,4} – a contradiction. Thus, by symmetry, V (G) = V (F^∗). Since G is closed and nonhamiltonian, we have also E(G) = E(F^∗) and hence G ∈ F_8.

Case 2: F ≃ P_{4,3,3}. First observe that, like in Case 1, |V (K^1_1 )| = |V (K^3_1 )| = 2 and |V (K^j_i )| = 2 for i = 2, 3, j = 1, 2, implying that N_G(c_i) = {a_i, b_i}, i = 2, 3. We show that |V (K_a)| = |V (K_b)| = 3. Let, to the contrary, d ∈ V (K_a) \ {a_1, a_2, a_3}. Then, by Lemma 9(iii), d /∈ V (K_b) and thus ⟨{b_1, b_2, b_3, c_2, c_3, c^2_1, c^1, a_1, d}⟩_G ≃ N_{1,1,4}. Hence |V (K_a)| = |V (K_b)| = 3, implying that the only vertices of F^∗ that can have neighbors outside F^∗ are those in K^2_2 .

Let u ∈ V (G) \ V (F^∗) be adjacent to v ∈ V (K^2_1 ). By Lemma H(vi), v ∈ V (K^2_1 ) \ {c^1, c^2_1}. Since G is closed, u has no other neighbors (except v) in K^2_1 . Since G is 2-connected, there is a path P in G starting at u and ending at a vertex w ∈ V (K^2_1 ) \ {v, c^1, c^2_1} with all interior vertices outside F^∗. Let z be the first vertex of P different from u. Since G is H-free, we have zv /∈ E(G), but then ⟨{b_1, b_2, b_3, c_2, c_3, c^2_1, v, u, z}⟩_G ≃ N_{1,1,4}. This contradiction shows that no vertex in F^∗ can have a neighbor outside F^∗, i.e., V (G) = V (F^∗). It is straightforward to check that also E(F^∗) = E(G) (otherwise G is hamiltonian), which implies that G ∈ F_9.

References

[1] Bondy, J.A.; Murty, U.S.R.: Graph theory with applications. Macmillan, London and Elsevier, New York, 1976.

[2] Brandt, S.; Favaron, O.; Ryjáček, Z.: Closure and stable hamiltonian properties in claw-free graphs. Preprint No. 95, Univ. of West Bohemia, Pilsen, 1997 (submitted).

[3] Broersma, H.J.; Veldman, H.J.: Restrictions on induced subgraphs ensuring hamiltonicity or pancyclicity of K_{1,3}-free graphs. Contemporary methods in Graph Theory (R. Bodendiek), BI-Wiss.-Verl., Mannheim-Wien-Zürich, 1990, 181-194.

[4] Brousek, J.: Minimal 2-connected non-hamiltonian claw-free graphs. Discrete Math.

(to appear).

[5] Brousek, J., Favaron, O., Ryjáček, Z.: Forbidden subgraphs, closure and hamiltonicity. Preprint No. 97, Univ. of West Bohemia, Pilsen, 1997 (submitted).

[6] Duffus, D.; Gould, R.J.; Jacobson, M.S.: Forbidden subgraphs and the hamiltonian theme. The theory and applications of graphs. (Kalamazoo, Mich. 1980), Wiley, New York, 1981 297-316.

[7] Faudree, R.J.; Ryjáček, Z.; Schiermeyer, I.: Forbidden subgraphs and cycle extendability. J. Combin. Math. Combin. Comput. 19 (1995), 109-128.

[8] Goodman, S.; Hedetniemi, S.: Sufficient conditions for a graph to be hamiltonian.

J. Combin. Theory Ser. B 16(1974) 175-180.

[9] Gould, R.J.; Jacobson, M.S.: Forbidden subgraphs and hamiltonian properties of graphs. Discrete Math. 42(1982), 189-196.

[10] Ryjáček, Z.: On a closure concept in claw-free graphs. J. Combin. Theory Ser. B 70(1997), 217-224.