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Abstract. The notions of sum labeling and sum graph were intro-
duced by Harary in 1990 {3]. In a sum labeling, a vertex is called a
working vertez if its label is equal to the sum of the labels of a pair
of two distinct vertices.

A sum labeling of a graph G is said to be exclusive if it is a sum la-
beling of G such that G contains no working vertex. Any connected
graph G will require some additional isolated vertices in order to be
labeled exclusively. The smallest number of such isolates is called
the exclusive sum number of G it is denoted by €(G). The number
of isolates cannot be less than the maximum number of neighbours
of any vertex in the graph, that is, at least equal to A(G), the max-
imum vertex degree in G. If ¢(G) = A(G), then G is said to be a
A-optimum summable graph. An exclusive sum labeling of G using
A(G) isolates is called A-optimum exclusive sum labeling of G.

In this paper we show that some families of trees are A-optimum
summable graphs. However, this is not true for all trees, and we
present an example of a tree which is not A-optimum summable
graph, giving rise to an open problem.

1 Introduction

All graphs we consider here are finite, simple and undirected. For general
terms used in graph theory, please refer to [5].

A sum labeling X of a graph G is a mapping of the vertices of G into distinct
positive integers such that {u,v} € E(G) if and only if the sum of the labels
assigned to v and v is the label of a vertex w of G. In such a case w is called
a working vertez. A graph which has a sum labeling is called a sum graph.
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Any graph G will need some isolated vertices called isolates. If a graph lacks
some or all such isolates, one can add more isolates until the graph itself,
together with the additional isolates, can support a sum labeling. The least
number of the additional isolates is called the sum number of the graph,; it
is denoted by o(G). A graph together with its minimum number of isolates,
is called an optimum summable graph. Moreover, let 6(G) be the smallest
degree of vertices of a graph G. It is obvious that o(G) > §(G). In case
o(G@) = §(G), the graph G is called §-optimum summable graph.

A sum labeling of a graph GU K, for some positive integer r is said to be
exclusive with respect to G if all of its working vertices are in K,; otherwise
it is said to be inclusive. Every graph can be made to support an exclusive
sum labeling, by adding some isolates. The least possible number of isolates
that need to be added to a graph G to obtain an exclusive sum labeling is
called the ezclusive sum number of the graph G, denoted by €(G), and the
graph G U K(g) is called an optimum exclusive sum graph of G.

Observation 1 Let A(G) be the mazimum degree of the vertices of a graph
G. Then ¢(G) 2 A(G).

In case ¢(G) = A(G), the graph G is said to be a A-optimum summable
graph.

We refer to [2] for the notions of tree, caterpillar, and shrub. Furthermore,
the following terms will be used in this paper.

. A leaf of a tree is a vertex with degree 1.
. A near-leaf is a non-leaf that has at most one neighbour which is not a leaf.

. An inner vertez is a vertex that has at least two neighbours which are not
leaves.

In [2], Ellingham proved that if T is a tree of order at least 2, then o(T") = 1.
That is, every tree is 1-optimal with respect to sum labeling. The notion
of exclusive sum labeling was inroduced by Bergstrand et al. [1]. In [7]
Miller et al. extended the idea to include all graphs. That is, graphs with
an inclusive optimal labeling may also bear an exclusive sum labeling.

Observation 2 For any graph G, ¢(G) > o(G).

Since exclusive sum labeling was extended to include all graphs it has
been a challenge to find the exclusive sum number of trees. Unlike its coun-
terpart problem in sum graph labeling, any attempt to solve this problem
so far has been unsuccessful. In this paper we present some new findings
in this interesting research area. We will show in particular that some cer-
tain classes of trees are A-optimum summable graphs and on the other
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2  Exclusive sum labeling of caterpillars
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internal vertices of the spine b
v edges called th i
Let C be a caterpillar with A(C) =d. ? egn of the caterpillar

Labeling 1 (Exclusive sum labeling of a caterpillar)

. Ch i |
oose a spine of C and let P = {p1,p2, ..., Pr} be the set of vertices of the

spine. Let

fi = deg(pi) — 2, 7 = 2, 3, vk —1.
= {, i=1,k.
F0r2<z'<k_]_letB_{b X
b ; i = {bsll < j < fi,fi > 0} be th
feet which are attached to the internal vertex p;. It is c%ea‘r thai s;t ?__f

) . k-
Np)\(Pn N(p:)), for 2<i < k—1. Let B = Ul B; be the set of all feet
of C. i=2

. Label the spine with a mapping L as follows.

Lip:) = 1+2(—-1)(d~2) forodd i,
= 1+4(k—i/2)(d—2) for even .
This gives

L(pz) -+ L(pi+1) = 2+ (4k - 4)(d - 2), for odd 7,
= 2+4-4k(d - 2), for even 1.
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3. Let Ta = {£®,t{”} be two vertices with labels L)y = 2+ (4k—4)(d—2)
and L(#§¥) = 2 + 4k(d — 2)}. Choose a = 5 + 4k(d — 2). It is clear that
a = 1(mod 4).

4. Add d — 2 more vertices Tp = {tgb)lz’ =1,2,...,(d — 2)} and label with
L) = (a+ L(pz)) +4(i — 1)

5. Let T'= T4 UTg. Fori=2,3,.., k — 1, label the vertices of B; as follows.

L(by) = L) = Lips)y 5 =120 fi

For convenience, from now on we will use v instead of L(v) for any v €

V(C) U K4, and each vertex will be identified by its label under L. Also,
k=1

now we let B; = {b;;|1 < J < fi} and B = |J B; denote the set of the
=2

labels of the feet.
Remark 1 For i = 1,2,....,k let Bz = {tgm —-pili =1,2,..,d~ 2}. It is
obuious that B; C B, i=1,2,... k. [f B = f)l B, then BC B

i=
Before we prove that the labeling L is an optimal exclusive sum labeling of
C, we need to consider the following facts:
Observation 3 maz(P) = pz, min(P) = p1.
Observation 4 maz(Ta) = p2 + p3, min(Ta) = p1 + P2
Observation 5 max(Ts) = a + pa2 + 4(d — 3), min(Ts) = a + pz2. '
Observation 6 maz(B') = mazx(Ts) — min(P) = a +p2 + 4(d — 3) — p1,

and
m'm(B') - mm(TB) — maz(P) = a+p2 —p2 =@

Lemma 1 Letp € P, @) € Ty, b€ B and t®) ¢ Ty, where P, T4 and
Ty as in Labeling 1. Thenp < @) < p < t®.

Proof. There are three parts to prove.

1. We will show that p < £(*) for all p € P and for all t@ e Ty.
Letp € P, (@) € T4 then p < ps and either #8) = py+py Or (@) = py + p3.
In both cases, we have pz < ta),
This gives p < t for all p € P and for all t@) € Ty.

9. We will show that £ < b, for all t(®) € T, and for all b € B.
Let b € B and t{®) € T4 since,
BC B thenb> min(B') = a > max(T4) > t@),
Therefore, b > t(*) vte) ¢ Ty and Vb € B.

3. We W(lbl)l show that t® > b , for all t®) € T3 and for all b€ B
Let ¢t ¢ TB. and b € B then t(® > min(Tg) = a + py a.nd max(B!) =
max(Tp) — min(P) = (a + ps) + 2(d - 3) — py. -

a+pz —max(B) = (a+ps) — (a+pz) +2(d~3) — py

= p1 ~2(d-3)
= 2d—2(d — 3)
>0

We have a + p, > max(B'), therefore, £ > max(B) > b.
(From these three fact
e cts we have p < t(®) < b < t®) Vpe P,t@ e Ty b e B

Lemma 2 Let P, B, and B, be as in Labeling 1. If 7 # s then B.NB. = @
r e T

Proof. Su t ’ . ' '
Dro I,lf ppose to the contrary that B, N B, # §. Let z € B, N B,.

b
T = tg ) P, for some tz@ € Tp and
2=t _p i o
> Pr for some t;” € Tg.
(b) _ .
We get ¢, — ¢ ) = Ps — pr. However,

® _ 0
t —t;” < max{[t{) — tO|tD ) ¢ T}
= max(Tp) — min(Tp)
= 4(d-3)

On the other hand, p; — p, > 4(d-2).

Hence, tgb) —t® < 4d—3 .
that ¢& — t(f’)]* ; ( p ) <'4(d_ 2) < ps — pr. This contradicts the fact
1 7 — ¥s = Yr.

Therefore, we must have B. N B, = §.
As a consequence,

Lemma 3 Ifr # s then B.N B, = {.

Observation 7 For alli, i =
‘ 21 =1,2,...,k, p; = 1{mod 4 i =
for all j = 1,2, ..., f;. This gives t = 2(mod 4) ( Vte Iz.and % = Hmod 4

We are now ready to prove

'E.[(‘lcl’?oi’ezng Let C’) be a caterpillar with mazimum degree A(C). Then
= A(C), that is, every caterpillar is a A-optimum summable g.raph
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Proof. We will show that Labeling 1 gives an exclusive sum labeling of &

caterpillar C.
By Lemma 1, the labeling is surely a bijection from V(C UT) onto distinct

positive integers in PUBUTAUT 5. Moreover, it is clear that if {u,v} € B(C)
then u + v € T. We need to prove that there are no extra edges needed,
that is, if {u,v} ¢ E(CUT) then u+v ¢ V(CUT)=PUBUTAUTB.

1. Let z € B and y € B, {z,y} ¢ E(C). Obviously, z +y ¢ B and z +y ¢ P.
We will show that z +y & T.

— z 4y >t,VYt € T4 due to Lemma 1.
— Note that a > p2 + ps.

T+Yy

(a+p2) +1+4(d—2)
(@ +pg) +4(d—-3)
= max({Ts).

>
> (a+p2)+p3
>
>

Therefore, z +y ¢ Th.

2. Let z € B,y € P and {z,y} ¢ E(C). It is obvious that z -+y ¢ P and
z +y ¢ B. We will show that ¢ +y ¢ T.
Let z = b;; and y = pg, where ¢ # k.
— By Lemma 1, bij >t,Vt € Ty4. So bij + D& ¢ Ta
— by =t—pi for some t € Tg. If bj; + pr € I, then by; +pr = t for
some t € Tg. We get b;; = t — pi, This says that b;; € Bzf n B;c, which
contradicts Lemma 2. -
3. Let {p;,p;} ¢ E(C). Clearly, p; + p; ¢ P and p; + p; ¢ B. We will show
that p; +p; ¢ T.

~ If p; + p; = t, for some ¢t € Ty, then p; =1 — pj, giving p; = pj-1 oI
p; = pj+1. This of course contradicts the fact that p;, p; ¢ E(C).

— If p; +p; =t, forsomet € Tg, thenp; =t —p; € B_;-. This contradicts
Lemma 1 that p < b, Vp,Vb.

By Observation 3, there is no possibility for the occurence of any unwanted
edge. Therefore, labeling L is an exclusive labeling of C with A(C) isolates.

Ezample 1. Let C be a caterpillar with A(C) = 8 and a spine of length 5.
In this case d = 8 and k = 5. Label the vertices of the spine with

p; = 12411, for odd 1,
= 121 — 123, for even 1.
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We get

Pi+Ppiv1 = 98, for odd 1,
= 122, for even 1.

Let T4 = {98,122} and take a = 125.

Tp ={(a+p2)+4(i~1)li=1,2,...,(d—2
=1,2,...(d-2)} = {222, 226,
Now we have the following figure. =t 0,230,234, 238, 242}.

\/ 197 205
1
. 7 25 73 4
/\ 217 209 /\
b 153

139 134 ¢

LR ° 122 222 €226 0230 234 e 238 242

Fig. 1. Exclusive sum labeling of a caterpillar.

3 Exclusive sum labeling of shrubs

A shrub is a tree which has at mos i

. t one inner vertex. This special vert
is cal%ed the root (?f the shrub. All neighbours of this vertex Iz;‘re lea\x{:s eo);
ne‘;; eaves. In this s.ubsection we will show that if Sh is a shrub, then
€(Sh) = A(Sh), that is, every shrub is a A-optimum summable gral;h.

In order to construct an exclusi i
usive sum label .
the following sequence eling to a shrub Sh, we consider

un=2n+1—3’ nZl.

Observation 8 For the above sequence, for alln

1 u, >0.
2. Up > Up_g.
3. un = 1(mod 4).
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4. Fori,j,k,1 any positive integers, with § > §, us — uj = ug — w if and only 317 361
ifi =k and j = I, that is, the differences between any two terms are all 1 ’ 153
distinct.
. . 329
Let Sh be a shrub with root r and the maximum degree of the vertices is . 2o
A. Let by, bg, ..., b, be vertices adjacent to . We denote f; = deg(b;) = 1 o
and for i = 1,2,..,m and § = 1,2,..., fi, (fi > 0) let ¢;; be the vertices 29 203
adjacent to b; other than 7. Let %;, i=1,2,..., A be isolates, and Un) = tn - 378
be the sequence as defined in (1). o 1 450 5
Observe that m < A and for any 4,5 = 1,2.m, fi < A. Let Sh = "
ShUKa. - 389 377 13
369 406
Labeling 2 Exclusive sum labeling of shrubs o , 405
Let L be a mapping from the vertices of Sh to a set of positive integers s 438
BLNeG ¢ 437
defined as follows. 5 -
L) = w, i=12,..m 13 ® s
L(r) = @  where a=3(24"1) -7
L(t:) = a+ui, i=12..,4 497 w1
U= U foriti i=1,2.,m, §=12,.,f .
L(ey ) = T o= i- 'ij' ’ Y Fig. 2. An optimum exclusive sum labeling of a shrub.
J G+ ua — Us for i = J
Observation 9
1 Sun -2 3. Obviously r # ¢; forall i1 =1,2,..., A.
2. Z ; 11(11?1061 2 4. We claim that there will be no 4, 5, k such that b; = cjk- Suppose to the
. e = - contrary that for some i,4,%, b; = cjk. Then u; = a + ug — u;. This gives
;From now on when we mention a vertex, we mean its label under L. Let a = u; +u; — uy. But this contradicts a > 3u.
C={eli=1,2om J=12 o fi} and let T = {t:]i = 1,2, ey A} 5. A1503 by the definition of a, there will be no ¢ and j such that b; = t;.
Figure 2 shows an exclusive sum labeling of a shrub using this sc.:hem&. 6. Lef: i #_k. We claim that ¢;; # cp. Otherwise, @ +u; — u; = a + u; — ug
Next we will show that the mapping L is an exclusive sum labeling of any W'hlch gives u; — u; = ug — v, which is in conflict with Observation 8.
shrub-type graph. 7. Flﬁlla;ly, s_uppose. lffj =y t:;lgn 11G+Uj —u; = a+ug. This gives u; = u; +uy
' which 1s impossible since all the terms of U
Lemma 4 Let Sh be a shrub with mazimum vertex degree A. Let Sh = are congruent to 1 (mod 4).
ShUEKaA. If L is o mapping as defined by Qabeling 2, then L(u) # L(v) for Lemma 5 Lerj‘ Sh be a.shrub with mazimum vertexr degree A. Let Sh' =
any two different vertices u and v in V{Sh). S;l;}ffﬂ' If L is a mapping as defined by Labeling 2 then L is a sum labeling
) .
Proof. P - N ,
. . ) . .roof. Lemma 4 shows that L is an injection from V(Sh') to a set of pos-
1. By definition of L, it is clear that r bi‘for. all ¢ = 1,2,..,m. The itive integers. It is clear that the sum of any two adjacent vertices will be
9. We claim that r # ¢;;. Suppose there exist ¢ and j such thfat 5= Cig. en one of the isolates.
if i # 7 we have a = a + uj ~ u; which gives u; = u; or ifi= j we .he'we
a = a-+ua —u; which gives ua = u;. These are impossible by the definition We n ce d t.o show that the sum of any two non adjacent vertices is not in
of the sequence U. V(Sh'). Since we are using the numbers congruent to 1 (mod 4) for the
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labels of V(Sh) and numbers congruent to 2 (mod 4) for the isolates, then
all we need to do is to show that the sum of any two non adjacent vertices

of V(Sh) is not in T'.

1. We claim that 7 + ¢;; ¢ T1 Otherwise suppose that r 4+ ¢;; = 5 then

a+ (a+u; — u;) = a + ug. This gives a = ug + u; — u;. This is in conflict
with our choice of a.

. The sum of two vertices in B is not in T. Suppose to the contrary that
b; +b; = ty. Again, we get a = u; +u; — ug which conflicts with the choice
of a.

. If i # j then b; +cji € T'. Suppose b; + c;x = t; for some ¢ # j. If #* k we
have b;+(a+bx—b;) = a+b or if j = k, we have b;+(a+uas—uk) = a+u.
These give bj — b; = by — by or ua — ux = w — u;, which is impossible by
Observation 8.

. The sum of two vertices in C is not in T. Observe that min(C) = t; — by =
a -+ Uy — U, Since a = 3uy + 2 then

2 x minC = 2a + 2u; — 2u,,
> 2a+2u; — 2up
= dup + 4+ 2u;
> a+ua we have
2 x min(C) > ta = max(T)

This gives, for any 4, , k, 1, that ¢;; +cg = 2 min (C) > ta = max (T') and
hence, ¢;j + e &€ T

Theorem 2 Let Sh be a shrub with vertex mazimum degree A, then e(Sh) =
Aa

Proof. Let Sh be a shrub with maximum vertex degree A. Let Sh =
Sh UKL, If L is a mapping as defined in Labeling 2 then Lemma 4 and
Lemma 5 imply that L is a sum labeling of Sh using A isolates. Obviously,
Sh itself contains no working vertices. Therefore L is an exclusive sum
labeling of Sh, using A isolates. Combined with Observation 1, it can be
concluded that e(Sh) = A.

3.1 Graphs that are both Caterpillars and Shrubs

The methods developed for labeling caterpillars and shrubs can be applied'
to star and double star since they are both caterpillars and shrubs. We then
have

Corollary 1 Let S, be a star, then €(S,) = n.
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Corollary 2 Let Sm.n be a double star then €(Sm.n) = mn.

As examples Figures 3 and 4 show optimum exclusive sum labelings of a
star and a double star using the methods developed for caterpillars.

93
[ ]
89 97
® °
& 62 ® 158
! 61 25 o 86 * 162
e 150 ® 166
e 154 o 170
° ®
109 101
[ ]
105

Fig. 3. Exclusive sum labeling of a star (Ss).

153
101 ¢ 149 °
° 109 @
b e 74 e 182
1 7 25 49
® ® 98 e 186
113
° ‘ . . . ® 174 e 190
121
. y 157 *178 e 194
117 161

Fig. 4. Exclusive sum labeling of a double star.

4 Trees which are not A-optimum summable graphs
While there are many trees which are A-

opti ;
general trees are not A- pumum summable graphs, in

optimum summable graph. For example, let T be
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a tree as depicted in Figure 5. We will show that this tree can not be a A-
optimum summable graph. Suppose T'is a A-optimum summable graph. We

4 § 4 4 4 6 & & & do I diz

Fig. 5. A tree with A=3 which is not a 3-optimum summable graph.

need 3 isolates, labeled by a+b1, a-+by, a-+bs respectively. As a consequence,
¢j=a+bn— b, where j =1,2,...,6, with I, m=1,2,3l#m, and

d; = (a+bk)—c;
= (a+bk) — (a+bm —b1)
There are only 9 integers available for labeling d;, i = 1,2,...,12, which is

impossible. We conclude that T is not a A-optimum summable graph. We
then have the following.

Open Problem 1 Classify trees that are A-optimal summable.
Open Problem 2 Find general exclusive sum graph labeling for trees.

Open Problem 3 Find a general upper bound for the exclusive sum num-
ber for trees.
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