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Abstract

A graph G is 1-Hamilton-connected if G — z is Hamilton-connected for every ver-
tex z € V(G). In the paper we introduce a closure concept for 1-Hamilton-
connectedness in claw-free graphs. If G is a (new) closure of a claw-free graph
G, then G is 1-Hamilton-connected if and only if G is 1-Hamilton-connected, G is
the line graph of a multigraph, and for some # € V(G), G — z is the line graph
of a multigraph with at most two triangles or at most one double edge. As ap-
plications, we prove that Thomassen’s Conjecture (every 4-connected line graph is
hamiltonian) is equivalent to the statement that every 4-connected claw-free graph
is 1-Hamilton-connected, and we present results showing that every 5-connected
claw-free graph with minimum degree at least 6 is 1-Hamilton-connected and that
every 4-connected claw-free and hourglass-free graph is 1-Hamilton-connected.

1 Introduction

A well-known concept in Hamiltonian graph theory is the closure operation cl(G) for claw-
free graphs, introduced in [21]. The closure operation turns a claw-free graph into the
line graph of a triangle-free graph while preserving the hamiltonicity of the graph. While
cl(G) also preserves many weaker graph properties (such as traceability or the existence
of a 2-factor), stronger properties, such as Hamilton-connectedness, turn out not to be
preserved [4], [22]. The first attempt to develop a closure for Hamilton-connectedness was
by Brandt [3], the technique was further developed in [23] and [13]. In the present pa-
per, we further strengthen these techniques to the property of 1-Hamilton-connectedness
(where a graph G is k-Hamilton-connected if G — M is Hamilton-connected for any set of

vertices M C V(G) with |M| = k).
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The concept of k-Hamilton-connectedness was introduced already in 1970 by Lick [19],
and since then studied in many papers (see e.g. [16], [10]). The property of 1-Hamilton-
connectedness is closely related to a well-known conjecture by Thomassen [25] which
states that every 4-connected line graph is hamiltonian, since it was recently shown [12]
that Thomassen’s Conjecture is equivalent with the statement that every 4-connected line
graph is 1-Hamilton-connected. Having in mind that 4-connectedness is a necessary con-
dition for a graph to be 1-Hamilton-connected, it was observed in [12] that Thomassen’s
Conjecture, if true, would imply that a line graph is 1-Hamilton-connected if and only
if it is 4-connected, which means that 1-Hamilton-connectedness would be polynomial in
line graphs (and, as a corollary of our main result, also in claw-free graphs).

Note that Lai and Shao recently proved that, for s > 5, a line graph G is s-hamiltonian
(i.e., G — X is hamiltonian for any X C V(G) with | X| = s), if and only if G is (s + 2)-
connected [15]. A similar result is also known to be true in planar graphs, where every
4-connected planar graph is 1-Hamilton-connected (an easy consequence of [24], page 342),
implying polynomiality of 1-Hamilton-connectedness. Also, there are results indicating
that Tutte cycles [26] seem to behave similarly in planar graphs and in claw-free graphs [6].
This potential connection to planar graphs is also one of the motivations of our research.

Also note that there are many further known equivalent versions of Thomassen’s Con-
jecture (see [5] for a survey on this topic).

In the present paper, we

e in Section 3, develop a closure concept for 1-Hamilton-connectedness in claw-free
graphs,

e in Section 4, show three applications of the closure: we prove that (i) Thomassen’s
Conjecture is equivalent with the statement that every 4-connected claw-free graph
is 1-Hamilton-connected, and we present results showing that (i) every 5-connected
claw-free graph with minimum degree at least 6 is 1-Hamilton-connected, and (ii7)
every 4-connected claw-free hourglass-free graph is 1-Hamilton-connected. The
last two results require nontrivial proofs and hence their proofs are published in a
separate paper [8].

We follow the most common graph-theoretical terminology and for concepts and notations
not defined here we refer e.g. to [2]. Specifically, by a graph we mean a finite undirected
graph G = (V(G), E(G)); in general, we allow a graph to have multiple edges. The precise
way of using (simple) graphs and multigraphs will be specified later in Section 2. Even
if not explicitly stated, we assume all graphs under consideration to be connected. We
use dg(z) to denote the degree of a vertex z, and we set V;(G) = {z € V(G)| dg(x) = i}.
The neighborhood of a vertex x, denoted Ng(z), is the set of all neighbors of x, and we
define the closed neighborhood of x as Ng[x] = Ng(x) U {z}. For aset M C V(G), (M)q
denotes the induced subgraph on M, and for a graph F, GG is said to be F-free if G does
not contain an induced subgraph isomorphic to F. Specifically, for /' = K 3 we say that
G is claw-free.



If {z,y} C V(G) is a vertex-cut of G and G, G are components of G — {z, y}; then
the subgraphs (V(G;) U {z,y})¢ and (V(G2) U {z,y})s are called the bicomponents (of
G at {x,y}).

For z € V(G), G — x is the graph obtained from G by removing x and all edges
incident with z. If z,y € V(G) are such that e = xy ¢ E(G), then G + e is the graph
with V(G +¢e) = V(G) and E(G + ¢) = E(G) U {e}, and, conversely, for e = zy € E(G)
we denote by G — e the graph with V(G —e) = V(G) and E(G —e) = E(G) \ {e}.

We use o(G) to denote the independence number of G, v(G) to denote the matching
number of G (i.e., the size of a largest matching in G), and w(G) stands for the number
of components of G. A complete subgraph K C G will be called a cligue and, when no
confusion can arise, we will use K also for the vertex set of a clique (thus, for cliques K1,
K?, instead of V(K') N V(K?), we will simply write K' N K?). A vertex x € V(G) is
simplicial if (Ng(z))¢ is a clique, and an edge e € E(G) is pendant if one of its vertices is
of degree 1.

A graph G is hamiltonian if G contains a hamiltonian cycle, i.e. a cycle of length
|V (G)|, and G is Hamilton-connected if, for any a,b € V(G), G contains a hamiltonian
(a,b)-path, i.e., an (a,b)-path P with V(P) = V(G). For k > 1, G is k-Hamilton-connected
if G — X is Hamilton-connected for every set of vertices X C V(G) with |X| = k. Note
that a hamiltonian graph is necessarily 2-connected, a Hamilton-connected graph is 3-
connected and if G is k-Hamilton-connected, then G is (k + 3)-connected.

2 Preliminary results

In this section we summarize some background knowledge that will be needed for our
results.

The line graph of a graph (multigraph) H, denoted L(H), is the graph with E(H) as
its vertex set, in which two vertices are adjacent if and only if the corresponding edges
have a vertex in common. Recall that every line graph is claw-free.

It is well-known that if GG is a line graph of a connected simple graph, then the graph
H such that G = L(H) (called the preimage of G) is uniquely determined, with one
exception, namely G = K3. However, for line graphs of multigraphs this is, in general,
not true — an easy example is the graph T) in Fig. 1 which is the line graph of two
nonisomorphic graphs: the unique (simple) graph H; with degree sequence 3,2,2, 1, and
the unique multigraph Hy with degree sequence 3, 3,1, 1. This difficulty can be overcome
by imposing an additional requirement that simplicial vertices in the line graph correspond
to pendant edges.

Proposition A [23]. Let G be a connected line graph of a multigraph. Then there
is, up to isomorphism, a uniquely determined multigraph H such that G = L(H) and a
vertex e € V(G) is simplicial in G if and only if the corresponding edge e € E(H) is a
pendant edge in H.

For a line graph G, we will always consider its preimage to be the unique multigraph
with the properties given in Proposition A; this preimage will be denoted L™'(G). This



means that, throughout the paper, when working with a claw-free graph or with a line
graph G, we always consider GG to be a simple graph, while if G is a line graph, for its
preimage H = L™!(G) we always admit H to be a multigraph, i.e. we always allow H to
have multiple edges.

We will also use the notation e = L™ (a) and a = L(e) in situations when H = L™!(G),
a € V(G) and e € E(H) is the edge of H corresponding to the vertex a. Note that
our special choice of the line graph preimage already implies some restrictions on its
structure: for example, it is not difficult to observe that H = L™!(G) can never contain
a triangle with two vertices of degree 2, for if ({x1,22,23})y is such a triangle with
dy(x1) = dy(za) = 2, then L(zixs) is a simplicial vertex in GG, but x;x5 is not a pendant
edge in H (see the graphs H; and G in the example prior to Proposition A). More
generally, if ({x1,22})5 is a multiedge in H = L™!(@), then both z; and zo must have a
neighbor outside the set {1, 22}, and if ({x, 22, z3}) g is a triangle or a multitriangle (a
triangle with some multiple edges) in H, then at most one of the vertices x1, x2, r3 can
have no neighbor outside the set {x, 22, x5} (for otherwise G contains a simplicial vertex
corresponding to a nonpendant edge of H).

We will need the following characterization of line graphs of multigraphs by Krausz [11].

Theorem B [11]. A graph G of order at least 1 is a line graph of a multigraph if and
only if V(G) can be covered by a system of cliques K such that every vertex of G is in
exactly two cliques of K and every edge of GG is in at least one clique of K.

If G is a line graph and K = {K*, ..., K™} is a partition with the properties given in
Theorem B, then a graph H such that G = L(H) can be obtained from K as the intersec-
tion graph (multigraph) of the set system {V(K%),...,V(K™)}, in which the number of
vertices shared by two cliques equals the multiplicity of the (multi)edge joining the corre-
sponding vertices of H. A system of cliques K = {K!, ..., K™} with the properties given
in Theorem B is called a Krausz partition of G, and its elements are called Krausz cliques.
Note that not every clique (and even not every maximal clique) in a line graph G has to
be a Krausz clique. If G = L(H), then such non-Krausz cliques in G can correspond to
(some of the) triangles, multiple edges or multitriangles.

In general, for a given line graph G, a Krausz partition is not uniquely determined, but
every such partition uniquely determines a graph H with the property G = L(H) as its
intersection graph. However, by Proposition A, every line graph G has a unique Krausz
partition IC such that a vertex x € V(G) is simplicial if and only if one of the two cliques
containing x is of order 1. Thus, whenever we will be working with Krausz cliques and
Krausz partitions, we will be always using this particular uniquely determined partition
(which gives the unique preimage L™(G)).

Harary and Nash-Williams [7] showed that a line graph G of order at least 3 is hamil-
tonian if and only if H = L™!(G) contains a dominating closed trail, i.e. a closed trail
(eulerian subgraph) T such that every edge of H has at least one vertex on 7. A similar
argument gives the following analogue for Hamilton-connectedness (see e.g. [17]). Here
an internally dominating trail (abbreviated IDT) is a trail T such that every edge in



E(H)\ E(T) has at least one vertex on T as its internal vertex, and, for ey, ey € E(H),
an (e, ey)-IDT is an IDT having e; and ey as terminal edges.

Theorem C [17]. A line graph G of order at least 3 is Hamilton-connected if and only
if H= L~*(G) has an (ey, e3)-IDT for any pair of edges e;,e3 € E(H).

An edge cut R of a graph H is essential if H— R has at least two nontrivial components.
For an integer k > 0, H is essentially k-edge-connected if every essential edge cut R of G
contains at least k edges. Obviously, a line graph G = L(H) with a(G) > 2 is k-connected
if and only if the graph H is essentially k-edge-connected.

A vertex x € V(G) is locally connected (eligible), if (N(x)) is a connected (connected
noncomplete) subgraph of G, respectively. The set of all eligible vertices in G will be
denoted VgL (G).

For z € V(Q), the local completion of G at x is the graph G, = (V(G), E(G) U
{v1y2| y1,92 € Ng(x)}), i.e. the graph obtained from G by turning (Ng(z))e into a
clique. It is an easy observation that in the special case when G is a line graph and
H = L7YG), a vertex z € V(G) is locally connected if and only if the edge e = L' (x) is
in a triangle or in a multiedge in H, and G, = L(H|.), where the graph H|. is obtained
from H by contraction of e into a vertex and replacing the created loop(s) by pendant
edge(s).

As shown in [21], if G is claw-free and x € Vg1 (G), then G, is hamiltonian if and
only if G is hamiltonian. The closure cl(G) of a claw-free graph G is then defined [21]
as the graph obtained from G by recursively performing the local completion operation
at eligible vertices, as long as this is possible. We say that G is closed if G = cl(G).
It is well-known [21] that, for every claw-free graph G, (i) cl(G) is uniquely determined,
(i7) cl(G) is the line graph of a triangle-free graph, and (ii7) cl(G) is hamiltonian if and
only if G is hamiltonian.

Recall that the closure operation cl(G) does not preserve the Hamilton-connectedness
of G [22], [4]. Thus, more generally, for k > 1, we say that a vertex x is k-eligible if (N (x))
is k-connected noncomplete. The following fact was conjectured in [1] and proved in [22].

Proposition D [22]. IfG is claw-free and x € V(G) is 2-eligible, then G is Hamilton-
connected if and only if G}, is Hamilton-connected.

We will often use the following observation. Let 71,75 be the graphs shown in Fig. 1
(the graph T will be referred to as the diamond). Let G = L(H), suppose that H contains

Ty T,

Figure 1

a subgraph F' isomorphic to T} or T, (in case of T; such that at least one vertex incident



with e has a neighbor outside F'), and set = L(e). Then it is easy to see that z is
2-eligible in G and, consequently, by Proposition D, G = L(H) is Hamilton-connected if
and only if G = L(H|.) is Hamilton-connected (or, equivalently, H has an (fi, f2)-IDT
for any fi, fo € E(H) if and only if H|, has an (f1, f2)-IDT for any fi, fo € E(H]|.)).

By recursively performing the local completion operation at k-eligible vertices, we can
define [1] the k-closure cli(G) of G, which is uniquely determined [1] and, if G is claw-free,
cla(G) is Hamilton-connected if and only if so is G [22].

It can be easily seen that, in general, cly(G) is not a line graph, and even not a
line graph of a multigraph. To overcome this drawback, the authors developed in [23]
the concept of the multigraph closure (or briefly M-closure) cI(G) of a graph G: the
graph cl™ (@) is obtained from cly(G) by performing local completions at some (but not
all) l-eligible vertices, where these vertices are chosen in a special way such that the
resulting graph is a line graph of a multigraph while still preserving the (non-)Hamilton-
connectedness of G. We do not give technical details of the construction since these will
not be needed for our proofs; we refer the interested reader to [22], [23].

The concept of M-closure was further strengthened in [13] in such a way that the
closure of a claw-free graph is the line graph of a multigraph with either at most two
triangles and no multiedge, or with at most one double edge and no triangle.

For a given claw-free graph G, we construct a graph G™ by the following construction.
(¢) If G is Hamilton-connected, we set GM = cl(G).
(74) If G is not Hamilton-connected, we recursively perform the local completion oper-
ation at such eligible vertices for which the resulting graph is still not Hamilton-

connected, as long as this is possible. We obtain a sequence of graphs G, ..., G
such that

L4 Gl = G7

e Gi1 = (Gl)x for some z; € Vg (G;),i=1,...,k—1,

e G} has no hamiltonian (a,b)-path for some a,b € V(Gy),
e for any z € Vg(Gy), (Gy), is Hamilton-connected,
and we set GM = @G,,.
A graph GM obtained by the above construction will be called a strong M -closure (or
briefly an SM-closure) of the graph G, and a graph G equal to its SM-closure will be
said to be SM-closed.

The following theorem summarizes basic properties of the SM-closure operation.

Theorem E [13].  Let G be a claw-free graph and let GM be its SM-closure. Then
GM has the following properties:
(i) V(G) =V(GM) and E(G) C E(GM),
(i) GM is obtained from G by a sequence of local completions at eligible vertices,
(4ii) G is Hamilton-connected if and only if GM is Hamilton-connected,
(iv) if G is Hamilton-connected, then GM = cl(G),
(v) if G is not Hamilton-connected, then either
(@) Ver(GM) =0 and GM = cl(G), or
(B8) Ver(GM) #£ () and (GM), is Hamilton-connected for any x € Vg, (GM),

6



(vi) GM = L(H), where H contains either

(o) at most 2 triangles and no multiedge, or

(8) no triangle, at most one double edge and no other multiedge,
(vii) if G contains no hamiltonian (a,b)-path for some a,b € V(G) and

(a) X is a triangle in H, then E(X) N {Lz(a), Loy (b)} # 0,

(8) X is a multiedge in H, then E(X) = {Lg(a), Loy (b)}

Note that in some cases (specifically, in cases (iv) and (v)(a) of Theorem E), we have
Ver(GM) = and GM = cl(G), implying that G™ is uniquely determined. However, if
Ver(GM) # 0, then, for a given graph G, its SM-closure G is in general not uniquely
determined and its construction requires knowledge of a pair of vertices a, b for which there
is no hamiltonian (a,b)-path in G. Consequently, there is not much hope to construct
GM in polynomial time (unless P=NP).

3 Closure for 1-Hamilton-connectedness

Let G be a claw-free graph and let x € V/(G) be such that G —x is not Hamilton-connected.
Let GG, be a graph obtained by the following construction.

(1) Set G :=G,i:=0.

(2) If there is a u; € V(G; — x) such that u; is eligible in G; —  and (G;);. — = is not
Hamilton-connected, then set G;11 = (G;)%. and go to (3),

Us

otherwise set CNJJC := (G; and stop.
(3) Seti:=i+ 1 and go to (2).
Then we say that éw is a partial x-closure of the graph G.

The following proposition summarizes the main properties of a partial z-closure of a
claw-free graph. Here the 5-wheel, denoted Wi, is the graph consisting of a 5-cycle Cs
and a vertex (the center of the W5) adjacent to all vertices of the Cj.

Proposition 1. Let G be a claw-free graph, let x € V(G) be such that G — x is not
Hamilton-connected, and let CNJJC be a partial x-closure of G. Then CNJJC —x is an S M -closed
line graph and CNJQC satisfies one of the following:
(i) G, is a line graph;
(4i) @ is a center of an induced W5, and there are uy,uy € Ng (x) such that
(a) {u1,us} is a cut set of Gy — x,
(8) one of the bicomponents of G, — x at {uy,us} is isomorphic to Kj — e,
() the graph (G, + {uy,us}) — & contains no induced Wy with center at =,
(0) the graph (G + {uy,us}) — x is SM-closed;
(iii) there are Krausz cliques K¥, K% in G, — x such that
() Ng, (x) C K¥U K3,
(B) the graph (V(G,), E(Gy) U {zv| v e K¥ U K¥}) is a line graph.



Proof of Proposition 1 is postponed to Section 5. [ |

Note that if G is such that G, satisfies (#) of Proposition 1, then the graph G, + uww
contains no induced Wi with center at x, hence G, +uv satisfies (i) or (iii) of Proposition 1.
It is also easy to see that, in case (it), {L ™ (u1), L7 (uz)} is a 2-element edge cut of

H = L7YG, — ) separating a single edge from the rest of H.

Let now G be a claw-free graph, and let G be a graph obtained by the following
construction:

(1) If G is 1-Hamilton-connected, set G = cl(G).

(2) If G is not 1-Hamilton-connected, choose a vertex x € V(G) such that G — x is not
Hamilton-connected and a partial z-closure G, of G.

(3) If G, satisfies (ii) of Proposition 1 (i.e., x is a center of an induced W5 in G,), choose
a cut set {up,us} of G, — x, add the edge s to Gy (i.e., set G, =G, + UUsg),
and proceed to (4).

(4) If G, is a line graph, set G = G,.

Otherwise, G, satisfies (iii) of Proposition 1, i.c. some two Krausz cliques K7, K3
in G, — z cover all vertices in Ng(z), and then set G = (V(G,), E(G,) U {mv| v E
(KT UK3)}).

Then we say that the resulting graph G is a 1HC-closure of the graph G.

The following result summarizes basic properties of a 1HC-closure of a graph G.

Theorem 2. Let G be a claw-free graph and let G be its 1HC-closure. Then
(i) G is a line graph,
(i1) for some x € V(G), the graph G — x is S M-closed,
(#4i) G is 1-Hamilton-connected if and only if G is 1-Hamilton-connected.

Proof.  Properties (i) and (ii) follow immediately by the definition of G. Also clearly
G is 1-Hamilton-connected if so is G, and if G is not 1-Hamilton-connected, then neither
is G, (for some x € V(@) which is used in the construction). It remains to show that
G is not 1-Hamilton-connected if G, is not. This is clear if G, satisfies (i) or (i) of
Proposition 1. Finally, if G, satisfies (ii), then G is not 1-Hamilton-connected since
neither éx nor G is 4-connected. [ |

Note that (i) is equivalent to the statement that H = L~!'(G) contains an edge
e € E(H) such that L(H — e) is SM-closed.

Also note that, for a given claw-free graph G, its 1-Hamilton-connected closure is not
uniquely determined.

We finish this section with a result which shows that steps (3) and (4) in the defi-
nition of a 1HC-closure of a graph can be also accomplished by adding (some) edges in
neighborhoods of eligible vertices.



Proposition 3. Let G be a claw-free graph. Then there is a sequence of graphs
G, ..., G} such that
(i) Go =G,
(ii) V(Gi) = V(Giy1) and E(G;) C E(Gi1) C E((Gy);,) for some z; € V(G;) eligible
in Gz‘;
(1ii) Gy, is a 1HC-closure of G.

Proof.  Steps (1) and (2) of the definition of a 1HC-closure clearly satisfy the conditions
of the proposition, and so does step (3), since the added edge has both vertices in Ng(x)
and z is eligible. It remains to verify the statement in step (4). Suppose, to the contrary,
that, in step (4), for some Krausz clique K7 in éz — z, adding the edges joining K to x
does not satisfy the conditions.

If |[K7 N Ng(z)| > 2, then K7 and (Ng(z))g, share an edge, say, vive, but then v
is eligible, a contradiction. Hence |K¥ N Ng(x)| = 1. Let KF N Ng(x) = {u}. By the
properties of the Krausz partition, u is, besides K, in some other Krausz clique K7. If
(Ne(z))g, is disconnected, then u is a simplicial vertex in G —x (otherwise u centers a claw
in ) and, since simplicial vertices in G — x correspond to pendant edges in H = L™(G),
one of K7, K¥ (say, K¥) is of size 1. But then, extending K to z adds no new edge
to ém

Finally, if (N¢(z))g, is connected, then there is an edge e in (Ng(z))g. containing u,
and necessarily e is in K7. But then, for the clique K7, we have |K¥ N Ng(z)| > 2 and

we are in the previous case. [ |

4 Applications of the closure

In this section we show three applications of the 1HC-closure, related to Thomassen’s
Conjecture. As already mentioned, there are many known equivalent versions of the
conjecture. As our first application, we show the following equivalence.

Theorem 4. The following statements are equivalent:
(1) Every 4-connected line graph is hamiltonian.
(ii) Every 4-connected claw-free graph is 1-Hamilton-connected.

Proof.  Obviously, (i7) implies (i). Conversely, first recall that, by a recent result
[12], (i) is equivalent to the statement that every 4-connected line graph is 1-Hamilton-
connected. Thus, if G be a counterexample to (iz), then its 1HC-closure provides a
counterexample to (7). [

Secondly, Kaiser and Vrana [9] proved that every 5-connected line graph with minimum
degree at least 6 is Hamilton-connected. Extending the argument of the proof of this
result, and applying the 1HC-closure, it is possible to obtain the following result.

Theorem 5.  Every 5-connected claw-free graph with minimum degree at least 6 is
1-Hamilton-connected.



Finally, we mention here a theorem on hourglass-free graphs, which is a strengthening
of the main result of [18] and can be considered as another partial solution to the statement
(77) of Theorem 4, i.e., equivalently, to Thomassen’s Conjecture. Here the hourglass is the
unique graph with degree sequence 4,2, 2,2, 2.

Theorem 6. Every 4-connected claw-free and hourglass-free graph is 1-Hamilton-
connected.

As already mentioned, the (nontrivial) proofs of Theorems 5 and 6 will be published
in a separate paper [8].

5 Proof of Proposition 1

For our proof we will need four lemmas describing subgraphs that cannot occur in the
preimage of an SM-closed graph.

Lemma 7. Let G be an SM-closed graph and let H = L™'(G). Then H does not
contain a triangle with a vertex of degree 2 in H.

For the proof of Lemma 7, we will need the following proposition from [4].

Proposition F [4].  Let x be an eligible vertex of a claw-free graph G, G, the local
completion of G at x, and a, b two distinct vertices of G. Then for every longest (a,b)-
path P'(a,b) in G, there is a path P in G such that V(P) = V(P') and P admits at
least one of a, b as an endvertex. Moreover, there is an (a,b)-path P(a,b) in G such that
V(P) = V(P') except perhaps in each of the following two situations (up to symmetry
between a and b):

(i) There is an induced subgraph F' C G isomorphic to the graph S in Fig. 2 such
that both a and x are vertices of degree 4 in F'. In this case G' contains a path P,
such that b is an endvertex of P and V(P,) = V(P'). If, moreover, b € V(F'), then
G contains also a path P, with endvertex a and with V (P,) = V(P’).

(i1) * = a and ab € E(G). In this case there is always both a path P, in G with
endvertex a and with V(P,) = V(P’) and a path P, in G with endvertex b and
with V(P,) = V(P').

Figure 2

Proof of Lemma 7. Let G be an SM-closed graph. If G is Hamilton-connected, the
lemma is obvious since H = L™'(G) is triangle-free by the definition of the SM-closure.
Thus, suppose that G is not Hamilton-connected. Let, to the contrary, T' = ({vy, va, vo}) g
be a triangle in H with dy(vy) = 2, and set x; = L(vv;41), ¢ = 1,2,3 (indices mod 3).
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Observe that L='(S) (where S is the graph in Fig. 2) is isomorphic to the net N, i.e.
the graph obtained by attaching a pendant edge to each vertex of a triangle. Since
dy(v1) =2, T is not contained in a copy of N, hence the triangle L(T) = ({x1, 22, 23})¢
is not contained in an induced subgraph of G = L(H) isomorphic to S = L(N).

Since the edge L™!(z3) = vyvs is in the triangle T', and T cannot have two vertices of
degree 2 by the definition of the preimage L™, x5 is eligible in G' and, by the definition
of the SM-closure, G, is not Hamilton-connected, i.e., there is no hamiltonian (a,b)-
path in G}, for some a,b € V(G) for which there is no hamiltonian (a,b)-path in G. By
Proposition F(ii), for every such hamiltonian (a,b)-path in G , one of a,b is x5 (say,
a=1xy), and b € N(x2).

Now, z; is also eligible in G, and since Ng(z1) C Ng(z2) (this follows easily from
dp(v1) = 2), also G, C G}, hence every hamiltonian path in G is also a hamiltonian
path in G,. We already know that every such (a, b)-path satisfies @ = x,, and, applying
Proposition F(ii) to 1, we have b = x;.

Thus, we conclude that the only possible vertices for which there is a hamiltonian
path in G}, but not in G are the vertices z; and x;. However, x3 is also eligible in G' and
Ne(z3) C Ng(z2), thus, by a symmetric argument, we obtain the same conclusion for z3
and x5, a contradiction. [ |

*
T

In the proof of the next three lemmas we will need the following slight extension of a
technical lemma from [13].

For a graph H, u € V(H) with dg(u) = 2 and Ny (u) = {vi,v2}, H|w) denotes the
graph obtained from H by suppressing the vertex u (i.e., by replacing the path vyuvy by
the edge v1v3) and by adding one pendant edge to each of v; and v,.

Lemma G [13]. Let H be a graph and u € V(H) of degree 2 with Ny (u) = {v1,v2}
and h; = wv;, i =1,2. Set H' = H|y), h =v1vo € E(H'), and let f, f, € E(H')\ E(H)
be the two pendant edges attached to vy and vy, respectively.
(1) If L(H) is Hamilton-connected, then H' has an (ey, e5)-IDT for every ey, e5 € E(H')
such that either
(o) h ¢ {e1,es}, or
(ﬁ) h € {61, 62} and {61, 62} N {fl, fg} 7é @
(73) If L(H') is Hamilton-connected, then H has an (eq, e5)-IDT for every ey, es € E(H)
such that {ey,es} # {h1, ha}.
(24i) If moreover H contains a pendant edge attached to vy and H has an (hy,e)-IDT
for every e € E(H), then H' has an (h,e')-IDT for every ¢’ € E(H’)

Proof.  Parts (i) and (i7) are a reformulation of Lemma 3 from [13]. We prove (iii).
Thus, for any €' € E(H'), we construct an (h,e')-IDT in H'. Let f denote the pendant
edge at vy in H. If ¢ € {f, f1, f2}, then, for any (hy,hs)-IDT in H, an appropriate
replacement of hy and hy with h and €' gives the desired (h,e’)-IDT in H’. Thus, let
e ¢ {f, f1, fo}. Let e € E(H) be the edge corresponding to €', and let T be an (hq,e)-
IDT in H. If hy € E(T), then necessarily v; € V(T') (otherwise f is not dominated),
and then 7" obtained from 7" by replacing hy, hy with A is an (h,€’)-IDT in H’. Similarly,
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if hy ¢ E(T), then necessarily vy € V(T') (otherwise hy is not dominated), and then 7”
obtained from T by replacing h; with h is a desired (h,€')-IDT in H’. [ |

Lemma 8.  Let G be an SM-closed graph and let H = L™(G). Then H does not
contain a subgraph H isomorphic to a cycle Cs with a vertex of degree 2 in H and with
a chord.

Proof. If G is Hamilton-connected, the lemma is obvious. Thus, suppose that G is
not Hamilton-connected and let, to the contrary, H C H be a graph consisting of a
cycle C' = vyvyuzvgusv; with a chord e, and choose the notation such that dy(vs) = 2.
If e = w3vs, we have a contradiction with Lemma 7, hence without loss of generality
suppose that e = vqvs. First observe that e is the only chord of C' in H, for otherwise
H contains a diamond, a contradiction. Denote v;v;41 = hiy1, @ = 1,...,5 (indices mod
5) and set Hy = H|(,,). Then L(H;) is not Hamilton-connected by Lemma G(ii). It is
straightforward to see that in L(H;), the neighborhood of the vertex L(e) is 2-connected.
By Proposition D, the graph (L(H1))}, = L(Hile) is not Hamilton-connected. Set
Hy; = Hi|. (denoting vy the vertex obtained by merging vy, vs € V(H;)). Now, the
subgraph of Hs corresponding to H C H consists of three vertices vy, va, v3, a double edge
hy, hy joining vy and vy, a double edge hg, hy joining v; and vs, two pendant edges at vy
and one pendant edge at vs.

Now we return back the suppressed vertex wvy: let H3 be the graph obtained from
Hjy by subdividing the edge hy with a vertex vy (denoting hs = wv4vy) and removing
a pendant edge from each of vy, v3. If L(H3) is Hamilton-connected, then H, has, for
e1,es € E(Hy), an (e1,e3)-IDT for ey, es # hy by Lemma G(i), and for hy € {e1,ex}
by Lemma G(ii7), hence L(Hs) is Hamilton-connected, a contradiction. Thus, L(Hj) is
not Hamilton-connected. But Hj3 can be alternatively obtained from H by contracting
the chord e, i.e., Hy = H|,, or, equivalently, L(Hj3) = 10): As L(Hj3) is not Hamilton-
connected and L(e) is eligible in G (since e is in a triangle in H ), we have a contradiction
with the fact that G is S M-closed. [ |

Lemma 9. Let G be an SM-closed graph and let H = L™'(G). Then H does not
contain a cycle C' of length 5 such that some two vertices of C' are of degree 2 in H and
some edge of C' is in a double edge or in a triangle in H.

Proof. If G is Hamilton-connected, the lemma is obvious. Thus, suppose that G is
not Hamilton-connected, let C' = vivovzvzvsv; C H and let v, vg, j < k, be of degree 2
in H. Set v;u;41 = hip1, t =1,...,5 (indices mod 5).

Suppose first that v;, v, are consecutive on C, say, j = 1, k = 2. Then R = {hy, ho} is
an essential edge-cut separating hy from the rest of H. By the assumptions, some of hy,
hs (say, hy), is in a triangle or in a double edge, implying L(h4) is eligible in G. But R is
an essential edge-cut also in H|,, = L_I(Gz(h4)), hence G7,;,,) is not Hamilton-connected,
contradicting the definition of SM-closure. Thus, v;, v are not consecutive on C.
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Choose the notation such that j = 3 and k = 5, i.e., dy(v3) = dy(vs) = 2. Then the
only possible chords of C' are the edges viv4 and vyvy, but if some of them is present, we
have a contradiction with Lemma 7. Thus, C' is chordless. This implies that either

(1) hs is in a double edge, or

(17) hg is in a triangle T' = v v92z with z € V(H) \ V(CO).

In case (i), we use h} to denote the edge parallel with hy and H to denote the graph with

V(H) =V (C)and E(H) = E(C) U {h}}; in case (ii) we set hl = zvy, hlj = zvy, V(H) =
V(CYU{z} and E(H) = E(C)U{hj, h4}. Recall that in both cases dy(vs) = dp(vs) = 2.

By the properties of the SM-closure, for each pair e, fE(H), for which there is no
(e, /)-IDT in H, we have {e, f} = {hs, h}} in case (i), or {e, f} N{ho, b}, hi} in case (1),
respectively. Thus, by Lemma G(i7), for the graph Hy, = H|(,,) (in which we denote v,v4 =
hy), L(H,) is not Hamilton-connected. Similarly, the graph L(H,), where Hy = Hi|(y,)
(in which we set vovy = hg) is also not Hamilton-connected. But now ({vy,va, v4})p,
is a triangle with a double edge ho, b} in case (i), or ({vi,ve,v4,2}) g, is a diamond in
case (ii). In both cases, it is straightforward to verify that, in L(Hs), the neighborhood
of the vertex zo = L(hs) is 2-connected. Thus, setting Hy = Has|p,, we obviously have
L(H3) = (L(H3));, and, by Proposition D, L(H3) is also not Hamilton-connected. Note
that in Hj the subgraph corresponding to H consists of: in case (i) two vertices vy, vy
joined by hy and hg, 4 pendant edges at v; and 2 pendant edges at vy, or in case (ii) three
vertices z, vy, vy, where z, vy are joined by h}, hY and vy, vy are joined by hq, hs, and there
are 3 pendant edges at v; and 2 pendant edges at vy.

Now we return back the suppressed vertices of degree 2: H, is obtained from Hj by
subdividing hg with v (denoting vsvy = hy) and removing a pendant edge from each of
vy, v4, and, similarly, Hs is obtained from H, by subdividing h; with vs (denoting vyvs =
hs), and removing a pendant edge from each of vy, vy. If L(Hy) is Hamilton-connected,
then Hj has, for e, f € E(H3), an (e, f)-IDT for e, f # hsd by Lemma G(i), and for
hs € {e, f} by Lemma G(7ii), hence L(H3) is Hamilton-connected, a contradiction. Thus,
L(H,) is not Hamilton-connected. By a similar argument, L(Hs) is also not Hamilton-
connected. But now we observe that Hs = H]|y,, or, equivalently, L(Hs) = G},. As hy is
in a double edge or in a triangle, x5 is eligible in G and we have a contradiction with the
fact that G is SM-closed. [ |

Lemma 10. Let G be an SM-closed graph, let H = L™'(G) and let F be the graph
with V(F) = {v1,v9,v3,04,v5,2} and E(F) = {v1vq, o3, U304, V4U5, U501, V3V5, 201, 2U2 }
(see Fig. 3). Then H does not contain a subgraph H isomorphic to the graph F such that

Ny ({v1,v2,v3,05}) C V(H).

Proof. If G is Hamilton-connected, the lemma is obvious. Thus, suppose that G is
not Hamilton-connected and let H be a subgraph of H with the properties given in the
lemma. Let hq, ..., hg denote the edges of H as shown in Fig. 3 and denote T} = vyv921
and Ty = v3v4v5v5 the two triangles in H. Observe that H contains no multiple edge since
H already contains two triangles, and that neither of the vertices vy, vo, v3, v5 can have
another neighbor in H for otherwise H contains a diamond, a contradiction. Thus, H is
either induced, or (V (H))y = H+zv,. Moreover, if zv, ¢ E(H), then, by the connectivity
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Figure 3

assumption, the graph H — {vy, va,v3,v5} contains a (z, vy)-path (since otherwise {hq, hs}
is an essential edge-cut of size 2 in H). Specifically, we have dy(z) > 3 and dy(v4) > 3.

Since hy is in a triangle, x; = L(hg) is eligible in G, implying G = L(H|,) is
Hamilton-connected since G is SM-closed. Thus, the graph H; = H|,, has an (ey, es)-
IDT for any e;,e; € E(Hp). We will show that H has an (f1, f2)-IDT for any f; € E(T7)
and fo € E(T3), contradicting the fact that G = L(H) is SM-closed.

Thus, choose any ey, e5 € E(H;), let 7" be an (eq, e5)-IDT in H; and let T be the part
of T' that is outside H|p, (in the special case when V (H) dominates all edges of H and
T' C H|p,, necessarily zv, € E(H) or 2w, wvy € E(H) for some w € V(H) \ V(H), and
we choose T' = zvy or T = zwuy, respectively).

Then T is also a trail in H — H, with initial and terminal edges incident to z and/or
vy and dominating all edges in H — H. We distinguish two possibilities:

() both dr(z) and dp(vy) is odd,

(B) both dr(z) and dr(vs) is even (possibly zero).

In the case (8), only one of dr(z), dr(vs) can be zero and, by symmetry, we choose the
notation such that dr(z) # 0. Up to a symmetry, we have the following possibilities for
fi € E(Th) and fy € E(Ty). In each of them, we find an (fi, f2)-IDT in H for both
possibilities () and (3).

An (f1, f2)-IDT for the possibility
Case | fi | fo (@) (8)
1 hy | hs | 2010921 0403050, 121 20901 U5V3V4 U5
2 he | hy | 201092T 04050304 121 20901 U504 V3
3 hy | he | zvivezT v 0305 121 20901 U504V3 V5
4 ho | hy | Symmetric to 3(a) | vov1 2T 20903050403
5 hg hﬁ UQU12T114U3’U5 U2012T2U2U31)4?J5U3

Proof of Proposition 1. Let G be a claw-free graph and x € V(Gy) such that Gy —
is not Hamilton-connected, and let go)x be a partial z-closure of GGg. In the rest of the
proof, we will simply denote G := (Gy),.

Immediately by the construction of G, G is claw-free and G' — x is SM-closed. Thus,
it remains to show that G satisfies (i), (i7) or (ii7).

We introduce the following notation:

Neo(z) ={x1, ..., 24} (e, dg(z) = d),
K — Krausz partition of G — z,
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K, ...,K} — all cliques in K with KN Ng(x) #0,i=1,...,k,

H =L YG - 1),

K!=K/NNg(x),i=1,...,k.

The cliques K{,..., K} C (Ng(x))c satisfy the conditions of Theorem B (applied on
(Ng(z))g), and we use H to denote the intersection graph of the system {K7,..., K}'}.
Then we have H C H' and L(H) = (Ng(x))g. However, note that not necessarily
H = L Y((Ng(x))g) (since the graph H can be another “preimage” of (Ng(z))q, see e.g.
the example prior to Proposition A.

Using the correspondence between a line graph and its preimage, we will identify
Krausz cliques in G — = with the vertices of H' (the centers of the stars in H’ that
correspond to the cliques in K). Thus, {K{,..., K} C V(H') and {K7,..., K} = V(H).

Note that if Ng(z) can be covered by two Krausz cliques, then at most two cliques
from IC have at least two vertices in Ng(z) (hence at least one edge in (Ng(x))g), and
extending these cliques to x we get a Krausz partition of G. Thus, to show that G satisfies
(#4), it is sufficient to show that Ng(z) can be covered by two Krausz cliques.

Suppose first that (Ng(x))q is disconnected, and let Fy, F, be its components. Then
both F| and F;, are cliques since G is claw-free. If F, F, are subcliques of Krausz cliques
in G — x, we are done; so, suppose that, say, F} is not. Then, as noted in Section 2,
L~Y(F) is a (multi)triangle or a multiedge in H' = L™(G — x); since G — z is SM-closed,
L~Y(Fy) is a triangle or a double edge.

If L7!(F) is a double edge, then L™ (F) = ({K/, K]})g for some a,b € {1,...,k},
and since Fy is a clique, one of K, K}, say, K}, has no neighbor w with L(Kj;w) € Ng(x),
but then F} is a subclique of K/, € K, a contradiction. So, suppose that L™(F}) is a
triangle, set L™Y(Fy) = ({K!, K], K'})r (where a,b,c € {1,...,k}), and let z € V(F3)
be arbitrary. By the properties of the preimage L™ (see Section 2), at least two of the
vertices K, K}, K have a neighbor outside { K, K;, K'}. Let, say, K)wy, Kjw, € E(H'),
where wy,wy € V(H')\{K], K], K!}. Then w; # w, (otherwise H' contains a diamond),
both L(K!wy) ¢ Ng(z) and L(Kjws) ¢ Ng(x) (for if e.g. L(K!w;) € Ng(z), then
({z, L(K|w1), L(K}K]),2})c is a claw), but then ({L(K]Kj}), L(K,wy), L(Kjws), z})¢ is
a claw, a contradiction again.

Thus, we can suppose that (Ng(z))e (and therefore also H) is connected.

Claim 1.  If H contains a triangle and does not contain a Cs, then L(H) = (Ng(z))¢
can be covered by two Krausz cliques.

Proof.  Let, say, T = ({K}, K}, K}})g be a triangle in H and denote h; = K|Kj,
hy = K{K}, hy = K}K). By Lemma 7, dg/(K]) > 3,1 =1,2,3. Let ¢; € E(H') \ E(T)
be an edge incident to K/, and set y; = L(e;) and z; = L(h;), ¢ = 1,2,3. Since H' does
not contain a diamond, the edges ey, 2, e3 have no vertex in common, i.e., {e1,es,e3} is
a matching in H’. Hence the vertices y1, 2, y3 are independent in G — .

Now, if all y;, i = 1.2.3, are in Ng(x), then ({x,y1,92,y3})¢ is a claw in G, and
if, say, y1,y2 € V(G) \ Ng(z), then ({za,y1,y2,2})¢ is a claw in G, a contradiction.
Hence exactly two z;’s are in Ng(z). Choose the notation such that z1,z9 € Ng(x) and
z3 € V(G) \ Ng(z). Then, since the edge e3 was chosen arbitrarily, we have dy(K}) = 2.
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If all other edges of H are incident to Ki or K, then E(H) can be covered by two
stars centered at K/, K}, hence (Ng(x))s can be covered by two cliques and we are done.
Hence suppose that there is an f € E(H) that is incident to none of Kj, K, K}. since
H is connected, we can choose f such that f has a common vertex with, say, e;. Set
L(f) = =

But now, if f has a common vertex with e, then e, hy, h3, es, f determine a Cs in H,
contradicting the assumption, and if f does not share a vertex with ey, then {f, hy, e} is
a matching in H, implying ({z, z, 1,42 })¢ is a claw in G, a contradiction again. O

We now distinguish two cases.

Case 1: (Ng(z))g does not contain an induced cycle of length 5.

Then, equivalently, H does not contain a cycle Cs (not necessarily induced).

First observe that a({Ng(x))g) = v(H) < 2, for otherwise x is a center of an induced
claw in GG, This immediately implies that H does not contain a cycle Cy of length ¢ > 6,
since such a cycle contains a matching of size 3. If H contains a triangle, then (Ng(z))a
can be covered by two cliques by Claim 1 and we are done. Thus, the only possible cycles
in H are of length 4.

Let C = xyxox31471 be a cycle of length 4 in H. Since H is triangle-free, C' is chordless.
If V(H) =V(C), then H can be covered by two stars (hence (Ng(x))e can be covered by
two cliques) and we are done; if H contains an edge e = uv with {u,v} NV (C) = (), then
e together with two edges from E(C') form a matching of size 3 in H, a contradiction.
Hence every edge in E(H) \ E(C) has exactly one vertex in V(C).

Now, if some two consecutive vertices of C have a neighbor outside C, say, z1y; € E(H)
and xoye € E(H) for some y1,yo € V(H) \ V(C), then y; # yo (since H is triangle-free)
and {x1y1, Taye, 374} is a matching in H, a contradiction. Hence all edges in E(H )\ E(C)
are incident to some pair of nonconsecutive vertices of C, implying H can be covered by
two stars.

Thus, it remains to consider the case when H is a tree. Let D = {d;,...,d,} be a
minimum dominating set in H. By the minimality of D, for every i, 1 < ¢ < 7, there
is a vertex w; € V(H) \ D such that d; is the only neighbor of w; in D. If v > 3, then
{dywy, dywsy, d3ws} is a matching in H, hence v < 2, implying {d;} (if vy = 1) or {dy,d>}
(if v = 2) are centers of stars covering all edges of H.

Case 2: (Ng(x))q contains an induced cycle of length 5.

Let C be an induced cycle of length 5 in (Ng(z))g. Then L71(C') is a C5 (not necessarily
induced) in H. If k > 6, then there is an edge e € E(H) \ E(C) with at least one vertex
outside C', but then e together with two edges of C' form a matching of size 3 in H, a
contradiction. Hence k = 5 and Ng(z) = V(C).

We choose the notation such that C' = zyzoxsxsrsry and zx € E(K]) (ie.,
i1 € KINK[, ), i=1,...,5 (indices mod 5). Then Cy = K{K{K{K|K[K] is the
corresponding 5-cycle in H' = L™Y(G — z), and we denote its edges h; = L™ (z;) (i.e.,
hiv1=K/K/ ,),1=1,...,5 (indices mod 5).

Claim 2. For any y € Ng(z), y € K N K] for some i,j =1,...,5, i # j.
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Proof. Ifeg y € Ki\ (U_,K!) for some y € Ng(x), then y € K’ for some other
K' € K (since every vertex is in 2 Krausz cliques), implying k£ > 6, a contradiction. [

We introduce the following notation:
K. ={K],...,KL},

K, = U?:1K£7
R=V(G)\ ({z} UK,),
Kr=K\ K,

I(K]) = K{\ (Ujeu,..spin K5), i =1,...,5.
The vertices in [(K]) will be referred to as the internal vertices of the clique K. Note
that, by Claim 2, I(K}) N Ng(z) =0,i=1,...,5.

Claim 3.  Ify € K, has a neighbor in R, then y € I(K]) for somei=1,...,5.

Proof. By the properties of the Krausz cliques and by Claim 2, only vertices in I(K))
can have a neighbor in R, since if a vertex y € K N K} (for some 4,j € 4,...,5) has a
neighbor in R, then y is in three Krausz cliques, a contradiction. [l

Claim 4.  Ify, € I(K]) and y, € I(K],,) for somei=1,...,5, then
(1) ny2 € E(G),
(17) y1y2 € E((K)q) for some K € Kg,
(44i) ({K], K/ ,,K})¢ Is a traingle in H' = L™Y(G — z),
() [I(K7)| = [[(Ki)| = 1.

Proof. Lete.g. y; € I(K7) and y, € I(K)).
(1) If 1hys ¢ E(G), then ({z2, 2,1, y2})¢ is a claw in G.
(17) If y1ye € E((K])g) for some i = 2,...,5, then y; € K| N K], contradicting the
assumption y; € I(K]). Hence y1y2 € F((K)¢) for some K € Kg,
(77i) Follows immediately by the structure of K7, K} and K.
() Ife.g. y1,y; € I(K}), y1 # vy, then yy, ¢ € K;NK, implying H' contains a triangle
and a double edge, a contradiction. O

Claim 5.  There is no j, 1 < j <5, such that I(K]) # 0 fori=j4,j+ 1,7+ 2.

Proof. Let e.g. I(K]) # () for i = 1,2,3. By Claim 4, the edge y;y» is in some clique
K' € Kg, and yyys is in some K? € Kg. Since y, cannot be in three Krausz cliques,
we have K' = K?, implying that yy3 € E(G) and yy3 is also in K!. Then we have
€ K'NK, o€ K'NKL, ys € K'NKY, 79 € Kj N K} and z3 € K N K}, implying
that K', K7, K}, K} are vertices of a diamond in H’, a contradiction. O

Claim 6. |{i| 1 < < 5, I(K!) £ 0}] < 3.

Proof. Otherwise we have I(K]) # () for some three consecutive cliques K/, contradicting
Claim 5. 0

Claim 7. |KiNKj,|=11i=1,...,5.
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Proof. Let, to the contrary, e.g. |K] N Kj| > 2. Then ({K7, K}})m is a multiedge,
implying [K{ N Kj| = 2 and |K; N K[, | = 1 for i = 2,3,4,5. Moreover, there is no 1,
1 < i < 5, such that both I(K}) # 0 and I(K/ ;) # 0, for otherwise, by Claim 4, H’
contains a triangle, contradicting the fact that H' already contains a double edge. Hence
{i| 1 <@ < 5,I(K}) # 0}| < 2, and the vertices K| with I(K]) # () are nonconsecutive
on the 5-cycle Oy = K1 Ky K3 KKK in H'. Moreover, if I(K}) # ) and I(K}) # () for
some i, j, then Kj N K} = (), for otherwise the edge K{Kj € E(H') is a chord in Cp,
contradicting again the properties of SM-closed graphs.

This means that the 5-cycle Cy is chordless, ({ K7, K5}) g is the only double edge, at
most two vertices of Cy can have a neighbor outside C'y (namely, those for which the
corresponding clique in G — x has some internal vertices), and these verties are noncon-
secutive.

Now, if I(K}) = I(K}) = 0, then {K| K}, K}K}} is an essential edge-cut in both H’
and H| g/ gy, implying that neither G—x = L(H') nor (G—x);, = L(H'|k/x;) is Hamilton-
connected, contradicting the fact that G — z is SM-closed (note that xs is eligible since
19 = L7Y (K| K}) and K|K} is in a double edge). Thus, we can suppose I(K}) # (). But
then at least two vertices of Cy are of degree 2 in H' and we have a contradiction with
Lemma 9. U

Now we can finish the proof of Proposition 1. Clearly, I(K!) # 0 for at least one 4,
1 < i <5, for otherwise V(G) = Ng(x) and there is nothing to do. Thus, by Claim 6,
one, two or three cliques K| have I(K]) # (). We consider these possibilities separately.

Subcase 2.1: [{i] 1 < <5/ I(K]) # 0} = 3.

By Claim 5, we have I(K!) # 0 for at most two consecutive cliques K. Thus, with-
out loss of generality let I(K]) # () for i = 1,2,4 (e, I(K}) = I(K}) = (). By
Claim 4, there is a vertex y € V(H') \ V(H) such that ({K7, K}, y})y is a triangle.
If dy(KY}) = dp(KL) = 2, we have a contradiction by Lemma 9. Thus we have,
say, dg(K%) > 3, ie., besides K} and Kj, K} has at least one more neighbor, say,
z. Then z € {K|, K} K|, K.} since I(K}) = (), and the only possibility that does
not create a double edge or a diamond (recall that H' already contains a triangle) is
z = K} and dp (K%)= d(KL) = 3. Set H = ({K|, K, K}, K}, KL, y}) i and note that
T = (K|, Ky} and Ty = ({K}, K}, KL}) i are two triangles in H (hence also in
H') and, by Claim 4(iv), y and K are the only vertices of H that can have adjacencies
outside H. But then H (or possibly H — yK}, if yK} € E(H')), has the structure shown
in Fig. 3 and we have a contradiction by Lemma 10.

Subcase 2.2: [{i| 1 <i <5, [(K]) # 0} = 2.

By symmetry, we can choose the notation such that I(K7) # () and either I(K}) # ) or
I(K3) # 0.

Let first [(K7) # 0, [(K}) # 0. By Claim 4, there is a vertex y € V(H') \ V(H) such
that ({y, K1, K5})p is a triangle and y is the only neighbor of K| and K} outside H. If
the cycle Cy is cordless, we have a contradiction by Lemma 9, and if C'y has a chord, we
have a contradiction by Lemma 7.
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Thus, suppose that I(K}) # 0, I(K}) # (. By Claim 7 and by the properties of SM-
closed graphs, C'y has no multiedge and at most one chord, but if Cy has a chord, we
have a contradiction with Lemma 8. Hence Cy is chordless. Then {hy, hs} is an essential
edge-cut in H', separating hy from the rest of H', hence {x1, x4} is a vertex-cut in G — z,
separating x5 from the rest of G — x. The graph (G — z) + z24 is SM-closed, since it
is the line graph of a graph obtained from H’ by contracting the edge hs and adding a
pendant edge to the contracted vertex, and this operation creates neither a triangle nor
a multiedge. Thus, the graph G — x satisfies all conditions of part (i7) of Proposition 1.

Subcase 2.3: [{i| 1 <i <5, [(K]) # 0} = 1.

If Cy has a chord, we have a contradiction with Lemma 8, hence C'y is chordless. But
then again, e.g. {hy, hs} is an edge-cut in H' and we can add the edge z124 to G — = to
satisfy all conditions of part (ii) of Proposition 1. u

References

[1] B. Bollobés, O. Riordan, Z Ryjacek, A. Saito, R.H. Schelp: Closure and hamiltonian-
connectivity of claw-free graphs. Discrete Math. 195 (1999), 67-80.

[2] J.A. Bondy, U.S.R. Murty: Graph Theory. Springer, 2008.

[3] S. Brandt: 9-connected claw-free graphs are Hamilton-connected. J. Combin. Theory
Ser. B 75 (1999), 167-173.

[4] S. Brandt, O. Favaron, Z. Ryjacek: Closure and stable hamiltonian properties in
claw-free graphs. J. Graph Theory 32 (2000), 30-41.

[5] H.J. Broersma, Z. Ryjacek, Vrana: How many conjectures can you stand? - a survey.
Graphs Combin. 28 (2012), 57-75.

6] R. Cada, S. Chiba, K. Ozeki, P. Vrana, K. Yoshimoto: Equivalence of Jacksons and
Thomassens conjectures. Preprint, submitted.

[7] F. Harary, C.St.J.A. Nash-Williams: On eulerian and hamiltonian graphs and line
graphs. Canad. Math. Bull. 8 (1965) 701-710.

[8] T. Kaiser, Z. Ryjacek, P. Vrdna: On 1-Hamilton-connected claw-free graphs. Preprint
2013.

[9] T. Kaiser, P. Vrana: Hamilton cycles in 5-connected line graphs. Europ. J. Comb. 33
(2012), 924-947.

[10] Yan Jin, Kewen Zhao, Hong-Jian Lai, Ju Zhou: New sufficient conditions for s-
Hamiltonian graphs and s-Hamiltonian connected graphs. Ars Combin. 88 (2008),
217-227.

19



[11] J. Krausz: Demonstration nouvelle d'un theoreme de Whitney sur les reseaux (Hun-
garian, French abstract), Mat. Fiz. Lapok, vol. 50 (1943), 75-85.

[12] R. Kuzel, Z. Ryjacek, P. Vrana: Thomassen’s conjecture implies polynomiality of
1-Hamilton-connectedness in line graphs. J. Graph Theory 69(3) (2012), 241-250.

[13] R. Kuzel, Z. Ryjacek, J. Teska, P. Vrana: Closure, clique covering and degree con-
ditions for Hamilton-connectedness in claw-free graphs. Discrete Math. 312 (2012),
2177-2189.

[14] Hong-Jian Lai, Yanting Liang, Yehong Shao: On s-hamiltonian-connected line
graphs. Discrete Math. 308 (2008), 4293-4297.

[15] Hong-Jian Lai, Yehong Shao: On s-hamiltonian line graphs. J. Graph Theory, to
appear.

[16] L. Lesniak-Foster: Graphs with 1-Hamiltonian-connected cubes. J. Combinatorial
Theory Ser. B 14 (1973), 148152.

[17] Dengxin Li, Hong-Jian Lai, Mingquan Zhan: Eulerian subgraphs and Hamilton-
connected line graphs. Discrete Appl. Math. 145 (2005), 422-428.

[18] MingChu Li, Xiaodong Chen, Hajo Broersma: Hamiltonian connectedness in 4-
connected hourglass-free claw-free graphs. J. Graph Theory 68 (2011), 285-298.

[19] D.R. Lick: n-hamiltonian connected graphs. Duke Math. J. 37 1970 387-392

[20] C. St. J. A. Nash-Williams: Edge disjoint spanning trees of finite graphs. J. Lond.
Math. Soc. 36 (1961), 445-450.

[21] Z. Ryjacek: On a closure concept in claw-free graphs. J. Combin. Theory Ser. B 70
(1997), 217-224.

[22] Z. Ryjacek, P. Vrana: On stability of Hamilton-connectedness under the 2-closure in
claw-free graphs. J. Graph Theory 66 (2011), 137-151.

[23] Z. Ryjacek, P. Vrdna: Line graphs of multigraphs and Hamilton-connectedness of
claw-free graphs. J. Graph Theory 66 (2011), 152-173.

[24] D.P. Sanders: On paths in planar graphs. J. Graph Theory 24 (1997), 341-345.
[25] C. Thomassen: Reflections on graph theory. J. Graph Theory 10 (1986), 309-324.

[26] W. T. Tutte: A theorem on planar graphs. Trans. Amer. Math. Soc. 82 (1956),
99-116.

[27] W. T. Tutte: On the problem of decomposing a graph into n connected factors.
J. Lond. Math. Soc. 36 (1961), 231-245

20



